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THE GROUPS 2(V,,) (IV) 
By G. F. PAECHTER (Ozford) 
[Received 12 December 1957] 


Introduction 

Tuts is the fourth of a sequence of five papers, the previous ones being 
(2), in which I caleulate certain homotopy groups of the Stiefel mani- 
folds V,,,,. The present paper contains the calculations of those groups 
which are given in the following tables. There z{i,,, denotes 7, .,(Veimn)» 
Z, a cyclic group of order qg, and + direct summation. Also s > 0. 
A full table of results can be found in (2) (I) 249. For the notation used 
throughout the body of this paper please see (2), especially §§ 1, 2, and 
3.1. Also please note that sections are numbered consecutively through- 
out the whole sequence of papers, §§ 1-5 being contained in (I), §§ 6-7 
in (II), § 8 in (IID), § 9 in (IV), and § 10-13 in (V). 


TABLE FOR zfs. 


k p=3 p=4 p=5 p=6 p=i7 
l 0 2. 0 Ze Za 
3 2; Z,+2Z,+Z, 7.+2Z,+2Z,+2Z, 
4 212 +4Zy+Zy 244Z_t+Zet+Zy 224+4,4+7,4+2Z, 
5 2, Z,4+Z Z, 
6 Z12 2, 2.44%, 0° Z,4+Z,, 
Ss—] Z; Z,+Z, 2,4+2,+2Z, 
8s +-3 7,42, 2,.+2Z. Z,+Z,+2Z, 
4e+5 4, Z, 2, 
58 Zu tZe 2,+2Z, 4, 
8e+4 Z,+ Zs 4,+2Z, 4, 
is+6 Z\2 2; 4, 
TABLE FOR 72),. 
p=2 p=3 p=4 p=5 p= 6 
0 Z, 0 2. Zu 


9. Calculation of x}; 
We consider the fibring Vj, ,55/Vji..44 > S*** and examine the sequence 


A ip p 
ki4 a Pp k+ p* p k+p* ’ 
(D) > tsp ya(S#H) —*> ag > og AP ary (SEH) >. 


9.1. k = 3 (mods8). 


In this case there is a four-field on S*+* (1, 4), and so the fibring 
admits a cross-section p. Hence Theorem 1.1 gives that 


a p + 
Tk,5 = ig7h t+ Pate rp(S* 4), 


Quart. J. Math. Oxford (2), 10 (1959), 241-69. 
3695 2.10 R 
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Using the values of 7/4 as calculated in § 8.4, we obtain the values 
shown in the table for zj, when k = 3 (mod 8), 
Note that, by Theorem 1.2 and Corollary 1.5, we have that 
{teissi 0 for k = 3 (mod 8). 


9.3. & 7 (mod 8). 


(a) When p = 3, (D) gives 


Pia vies A, p ‘kis 3 vies 
—> my, 4(S**4) > hg ————> Ths > Te +3(S**4), 
1.e, > Z, +> Z,+Z,—> 7H; > 0, 


by §8.4(4). But if 354(0) 4 0 since otherwise there would be a cross- 
section in the above fibring by Theorem 1.2, and so a four-field on 
S**4, which is impossible by Theorem 1.1 of (3). Also ig 154(0) = A, Z,, 
and so must be cyclic. Hence 
Ths Z;. 

Note that A, 7,,,(S***) is of order two, whence the image of p,.4, is 
the Z,, subgroup generated by 2{h,.4,.4}- 

To determine the generator of 7}; we must evaluate {t,,,;} which 
generates i; /,,(0). Consider the sequence associated with the fibring 


Viewg 4 S* > Vigg. which is of the form 
e vey ‘k+138 9 Pkisse 9 
> Tesg(") "is ~ Me+is 
Then, by § 2.3 (6), Py.ggattessst = {tessa}, Which is zero by § 8.1. Hence, 


by exactness . 
: ae ad) f le tk 
(oe +5,55 § Ue +1,9% Meal ), 


and is non-zero by the previous paragraph. Hence, using the result of 


§ 8.4(b), we have that 


j ' f; ’ 
Oe +5,55 (testa Ansa} 





and the generator of 73.5 i8 t,,034@, Where py .oi4@ = {Rysr pss}: 


(6) When p = 4, (D) gives 


Prise Ay ‘kiam Phan 
tk+ 4 4 tk+4 5 
> pp g(S*+*) —> ah 4 ———> hg ———— 7 (*) >, 
. » fj ’, 4 7 
1.€, > L,>12,>%5> 2. > 9, 


by § 8.4(d), and since the image of p,,4, is a Z,, subgroup by (a). 
Also ig }44(9) = tyis5% 7+4(S***), which is generated by 
* f 1 — Ae . f ° * ' 
Nis an+allerss} = Wtsscraterrseheasst = terrae herseratlasess} 


E ipsa se Me+q(S*) = 0 since k > 7. 
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Hence i; }44(0) = 0, whence 
Ths = Z,+Za, 


generated by t,.4,44, Where py.gi4@ = {hy,3,.4}, and 6 such that 
Prosax? = 2hprgusg}. Note that A, is trivial, whence p,,;,4 is onto. 


(c) When p 5, (D) gives 


Ay 5 thse 5 Pkise 


Pite ‘fe ’ 
——> Ty .4(S*+4) ——> apg ———> a5 —— Te 5(S**4) >, 
i.e. > Z,> 2,44, > 75> Z,>9%, 


by § 8.4(f), and since p,,;, is onto by (6). But, by Theorem 4.2 (6), 
5 =~ af 
7h ~ h+1,4 
-4,+4,+4, 
by § 8.1. Hence i,1;,(0) = 0, whence A, is trivial and p,,,, onto, and 
Ts = Z,4+-Z,4-Zy, 
generated by —ig.,30%Pe318(hesoe+s}> Ueraax@, and b, 
‘here = 1 - ’ 
where Py igin@ = {hyssess}s ANd Persie = Reransst- 
9.3. k 1 (mod 4) and > 5. 


(a) When p = 3, (D) gives 


Pkise ’ * ikise ~yp- 
Paste ay (SE) Pe hg ahs > meal S**4), 
i.e. >Z,> Z,+Z, > m7} 5 > 0, 


by § 8.3(6). As in §9.2(a) above, i,15,(0) # 0 since otherwise the 
fibring Vi..55/Verg4 > S*** would admit a cross-section by Theorem 
1.2, which would imply a four-field on S**4, which is impossible by 
Theorem 1.1 in (3). Also i;354(0) = A, Z,, and so must be cyclic. 


Hence 3 
Ths = 2 


Note also that A,7,,,(S**4) is of order two, whence the image of 
Pxsae is the Z, subgroup generated by 2{h,,4;.4}- 

To determine the generator of 7},; we must evaluate {t,,,,} which 
generates i; }54(0). Consider the sequence associated with the fibring 
View.4/) S*® > Vigs, which is of the form 


i ’ Prise 
‘ke kalae 3 k+4,3 
> 143(S*) ——> tg —— M413 >- 


Then, by § 2.3 (6), 


Prsazettess,st = {tessa} 
= fizisaPhysonss}, by 8.2(a), 


£0. 


Hence (tess.st € Ue+1,3% 7Ke+3(S*), 
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whence, using the result of § 8.3 (6) we have that 
ot = teraaPhysonssttMtesrshaesst where A= Oor 1. 
Thus the generator of 7.5 is {tp41 ghp443}- 


(b) When p = 4, (D) gives 


Phis A, 'hiae Pkise 
ia tk+4 a arf - - th+4 
> TeishS”*”) ~ Ths ~ 7h5 > Tp glO"™") >, 
i.e. > Z,+~>2,>mh5>Z,>0 (k>5) 


and > 2,2>24,+24,7>735;7>2,>0 (k= 5) 


v.02 
by § 8.3(c), and since the image of p,.4, is a Z, subgroup by (a). 
Further, (¢\44(0) = th.s.5%7%.4(S**3), which is generated by 
},* f ' * ° f lJ . f ' 
Nes 3,k+ 48 Nie 3c alte s3.4 Pathcsogsat Atk sr aathaesat) 
. y ok ( ) ° f ’ 
Ue 3.% Pale a.nsathesransat Ate srs Mes s+ sthnnss} 


(k > 9) 


. f ? 
{ 3.1% Paty 2k+4s 


is ra Patrol tAte se (hs.9} (hk 9). 
Thus m.=Z, whenk>9Q, 
generated by a such that py .5 344 = 2fhpsgnsas 
and m3, = 2,+Ze, 
generated by {ig 4/59}, and a such that pyo144 2thy,}. Note that in 
either case Ay (0) 0, whence p,..-, is trivial. 
Pr o* 


(c) When p = 5, (D) gives 


A i Pi . 

f 6* . h+5* & k+5% 

= k+4 asl wal - k+4) _. 
— > 7p g( =) > Ths. > The WrsglO”*) >, 

i.e. > Z, > Z,> 7 > 9, 


by §§ 8.3 (d) and (e), and since p,.,;, is trivial by (6). Also 


4 k+3 
te 5K) = thissaMess(S"*”)s 
which is generated by 
~ { ) a : f i 1; f ’ 
his 3.n+stlessss WE. 3,4 +5(tk+a1% Patlsonsst tAtesr sat hansas) 


° * f ) : 7 f ’ 
te+3,.e Px hy 3,.k4 sthnsen +3s T Ary, 1.3% hi +3,k othe n+s} 


teia.e Pa lth gopssts 
0 (kh > 6), and ig 54 79(S°) = 0 (k 5) by § 8.3 (e), 


since 7,,;(S*) 
0, since 72, is of order two, 


Thus i, '5,4(0) = 0 and we, = Ze, 


generated by {i,.30PAy.o%.5}- Note that A, is trivial, whence p, ,¢,4 is 


onto. 
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94.k=1. 
(a) When p = 3, (D) gives 


Ps 


oo i 
—", a(S) > 4* 


1,4 —-> TT s —> m4(S°), 

i.e. +> Z, > Z,>7} 5 >, 

by §8.5(b). Again i,,'(0) 4 0 since otherwise the fibring V,;/V;, > S® 
would admit a cross-section by Theorem 1.2, which would imply a 
four-field on S®, which is impossible by Theorem 1.1 in (3). Hence 


7m35=0 and xz, = 9, 
the latter by virtue of Theorem 4.2(a). But, by Corollary 1.5, {t,5} 
generates i4,'(0), = 7324. Thus from § 8.5(b) we have that 
{tos} = {tar Phg,a}- 
Note that the image of A, is of order two, whence the image of p;, is 
the Z,, subgroup generated by 2{h; 5}. 


(b) When p = 4, (D) gives 


Pex - A, 4 ise 4 Ps vR 
——> 1746(S°) —> a1,4 —> 71,5 —> 7,(S”) >, 
i.e. + Z,>2Z,>7},>Z,->09, 


by § 8.5(c), and since the image of p;, is a Z,, subgroup by (a). Also 
isa (0) tes 75(S*), 
which is generated by 


* b aw Bee f ’ : f ’ . ve 4 
h® ft We stare Pathsat = tare Palhss}, the generator of 7j,4. 


6,55 
_ -—1 — 
Thus ise'(0) = mf ,, 
hence 4 y 
whence wis = Ze, 


generated by p61 2{h;}. Theorem 4.2(a) then gives that 
m4 = Ze, 
generated by p¢ yx 2{h;,,}. Note that Ay (0) = 0, whence pg, is trivial. 
(c) When p 5, (D) gives 


P: y A i P . 
—> 7(S°) — *> m4 ——e 7? s aS m(S°) >, 


i.e. > Z,>0>7j}5,>9, 
by § 8.5(d), and since p,, is trivial by (6). Thus 


mi, = 0 and mh,= 0, 


the latter by virtue of Theorem 4.2(a). Note that, since A, is trivial, 


Pr» 1S onto. 
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(d) When p = 6 (D) gives 


Pas wR A, . ‘t* Prom ve 
—> 114(°) > Ti 4 i 7 5 > 7(S°) >, 
i.€. >Zy>Z, > 5>Z,>0, 


by §8.5(e), and since p,, is onto 7,(S®*) by (c). Further, i;,'(0) = 0, 
since it is impossible to map a finite group essentially into an infinite 
cyclic one. Thus wf, is an extension of Z, by Z,, as, by Theorem 4.2 (a), 
is 73,4. Note that A, is trivial, whence p,, is onto. 


To calculate the extension we operate with /*,.., on the section of 
the sequence associated with the fibring Vj, ,)S* > V,, for which r = 5 


and 6, to obtain the diagram 


me 7* 5 Prox Ave = 
> 72(5*) > To 4 4 73,3 > 14(*) > 
A A A A 
h* \h* h*® h* 
le ‘ A 
al 9 oe 4 Pex 3 1 19 
> Te(d~) ~ 792.4 > 73.3 > 75(S*) >, 


which is commutative by Lemma 3.1 (6). Using the results of §§ 7.2 (d), 
(f), and (c) above, the diagram becomes 


10> 2,44 > 22> 
A 


A 


22> 0 > Z; > Z, >. 
Now let a be the generator of 73, and a’ a generator of order four in 
Then from the exactness of the lower line it follows that 
A,a {he 5}. 
Hence A, A*a h*A,a hé e(hos} Bfho 6}. 
Thus h*a 0, whence it follows that 


h ¥y 2a ‘ : 


a4 
"3,3° 


the only element of order two in 74,, and that 
D7’ J 2 at 

A, 2a Bihs -(, 
Again, bey 772( SN?) See h*z,(S?) hi. 7.(S?) 0, 
whence p;, is an isomorphism into. Hence, if 73, were Z,+Z,, 2a’ 
would be in p,, 73.4 since 2a’ is the only element of order two in 7}, 
and so must be the image of the element of order two in 73,4. Thus 
A, 2a’ would have to be zero, and we have just proved the contrary. 
Hence 5 Z 


generated by a such that p,,,@ = {h,,}, and 


NS 
S 


6 
71.5 


generated by a such that p,,,@ = {h 


ou 
a 
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(e) When p = 7, (D) gives 


Pow A, ‘ee Pex ’ 
——> 174(S®) ——> m7],4 —> 7,5 ——> 7,(S*) >, 


i.e. > Z,>0>7]5 > Zy > 9, 
by § 8.5(f), and since p,, is onto 7,(S5) by (d). Thus 
Tis = Zeus 
generated by p¢js{hs.}. Hence, by Theorem 4.2 (a), we have that 
73,4 = Zo 
generated by pg j*ihs.s}- Note that since A, is trivial, p,, is onto. 
9.5. k = 2 (mod 4) and > 6. 
We first calculate {t,,;5} € 74. We have from § 2.3 (6) that 
Prsaraiterss} = 2Ahesse+s} 
Using the result of § 8.2 (6) we thus have that {t,,,;,} generates a cyclic 
infinite summand of 7344 = Z,.+Z.. 


(a) When p = 3, (D) gives 


Priam vie. Ay "ise Pkise "k-+ 
Pa ang (SHH) 8 hg E> hg TEMS ary g( SH), 
i.e. +>Z,—> Z12+Z > Tes —> 0, 


by § 8.2(b). Also i¢354(0) is generated by {t,,55}, ie. t¢1«(0) is a cyclic 
infinite summand of 7324. Hence 
ae 
7h = Lyx 
generated by {i,.,4h¢,.3}. Note that Ay'(0) = 0, whence p,.4, is 
trivial. 
(6) When p = 4, (D) gives 


Prise . Ay tesa® Piss 
Qk+ 4 4 Ok+- 
> Fy g(S***) ——> af g ——— hg —— rg () >, 


by § 8.2(c), and since p,,,4, is trivial by (a). Further, 

tx ae) = teisse Me+a(S**), 
which is generated by Aft, 5x.4{tz+5,5}- To determine this we consider 
the section of the sequence associated with the fibring Vj... 4/S* > Visas 
which is of the form 


Prkitae 
. 4 
—> Ty 4(S*) > mh, —> Tes13 >: 


We have from § 2.3 (6) that 





Prsasettesss} = {tessa} 








248 G. F. PAECHTER 
Thus * * f . 
Pk+4,3% Ni +3,n+attiss,ss Ni + 3,k4 4 Prrasetless,ss 
* 
Ni + 34+ atliess,ah 
0 by 8.4(4). 
Thus, since 7,,4(S*) = 0 (k > 6) 
* 
hi + 3.x4 atliss,s} 
Hence i; },,(0) = 0, and so 
75 = Zo, 
generated by {i, 03 PAxsinsg}- Note that A, is trivial, whence p,.;, is 
onto. 


(c) When p = 5, and k > 10, (D) gives 


Pkiox ‘ks As 5 k4se 5 Piss k-+-4 
> 7.46(S**4) > Ths > Th 5 > Te O°™) >, 
i.e. > Z,+>Z,>7}5>Z,> 9, 


by § 8.2(d), and since p,.;, is onto 7,,;(S**4) by (6). But we have 
from Theorem 4.2 (6) that 


5 ~ 1 


75 ~ Mk+1,4 

Zs 
by §8.4(d). Hence i, 1;,(0) = 0, whence A, is trivial and so p,.,¢4 is 
onto, and 


generated by a such that p,.5 144 = {hygsgnsst- 


(d) When p = 5, and k = 6, (D) gives 


q ie 719( 8?) * ne, ie nes Pus 7 ,(S?°) >, 
i.e. > Z,>2,4+4,7>735> 2,79, 
by § 8.2 (e), and since p,,, is onto 7,,(S™) by (6). Further, 
tn(O) = tha s% 708%), 
which is generated by 
We arttias} = Mio. ASr0(t1153 = 0 


by (b) above. Thus 7;,4(0) = 0, whence 
me, is an extension of Z,,+Z, by Z,. 
Note that A, is trivial, whence p,,, is onto. 
To determine the extension we consider first the section of the 
sequence associated with the fibring V,, ,/S® > Vi, 4, which is of the form 


—— 774,(S®) - 7,5 a 744 al 749( 5°) >, 
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which becomes, with the result of § 8.4 (d), 
+> Z, > t5> Z,>9. 
From this we see, bearing in mind the result of the last paragraph, that 
72, is also an extension of Z,, by Z,. Thus we have two possibilities 
for 73: Z,+Z, or Z,+Z,. But the method used in §§ 7.32 (f) and 
8.2 (e) does not yield a result in this case, and so all we can say is that 
m5 ts either Z,,+-Z, or Z44+-Ze, 
generated respectively by {i,,h¢,,}, and a of order eight such that 
Pirrx® = {hyo.1}s OF 49144, Where a is of order four and pi9144 = {hg}, 
and 6 such that py, 14 = {hyo,3}- 
9.6. k = 0 (mod 4). 
Our first task is to calculate {t,,, ,} in 724. We have that 
+8 ¢ 
th+5,5\5 teat lesas 
by § 2.3 (6), and that tn+aat = 0 
by § 8.1. Thus we can extend i,.,5 ;¢,.44 over the hemisphere E**% of 
S**3, and, since t,.4, is a symmetric map (2.3a), we can extend it 
symmetrically over E***, Denote this extension by 
ae ; , 
92 S*3 > tpg. Vierss) Vera 
Now we use construction ‘Q”’ of §6, with r= k+3, X = Vi.44, 
fi = tess.5, and f, = g as defined above. Then we have that 
oh} — ffI46fd — \ ) 
2th} = (fib t+ the} = thers st +1g}- 
Hence 
Off r f . i t - 9 ’ 
Pasar 2th} = Prrsratte ss} + Pesaran} = 2hessecsts 
by § 2.3(b) and since {g} € 4, 34% 7,3. Thus 
fh 
Prvarath} hie +3,c+352 
and th} = {Phyiszsstttesigin, where we nj. 
Further, if we consider {g} for the moment as in 7}, we see that 
Ppegig: S**3 > S**? is a symmetric map such that, in the notation of 


§ 2.3 (c), Sk+2, 


PriaiQlite = Prisateras Mere: PR? > 
which is essential by § 2.3(c); whence p,,3,g is essential by Theorem 
6.1. We thus have, using the results of § 7.31 (c), that, in 73,5, 

{9} = (tes12e%+2), 


where Z € 7,,,(S*), and Z generates a Z, summand with 


95 ° tk+1 
22 € tk 21% Pa Me+g(S**?). 
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Thus 
f i Orsi ft of ’ »,; - . = " 4 
On 5,55 2{h}—{g} 2{ Phra prs} t eis. U Ue 413% & — lpg. © 
ance f t , pts ~ | 9 f H 

Hence ke +5,5) te s1ga tt para t + 2Patherscrats 


where x € 7,,,,(S*) and z generates a Z, summand of 7}, with 


De 


fa ' 
22 = {ipso Phe sa xsat 
What remains to be done is to determine x (mod 2) in 7,,,(S*). We 
shall see that there is a distinction between the cases k = 0 and 4(mod 8), 
quite apart from the special case k = 4. 
9.61. k 0 (mod 8), 
First let us pick generators in 7}, 74, 7-145 7-15. By $7.31 (ce), 
7.3 = Z+Z,. Pick generators 
a, of order twenty-four, as t, 1 2«1(%e,443}3 
4, of order four, as the z defined in § 9.6 above. 
By §§ 8.1 and 7.31 (c), 724 = Zog+2,+Z,.. Pick generators 
a, of order twenty-four, as ty .3.14%4; 
b, of order four, as t;.,5 149; 
c, of infinite order, as p,{h;.3443}- 
By § 8.4(d), mh_31.4 = Z,. Let 
® be any particular generator. 
By § 9.2(b), w_15 = Z2,+Z,. Pick generators 
v, of order eight, as t,..51% 9: 
uw, of infinite order, as stn ss ets 
This latter choice is possible since 
f rt . ' 
Prearx'nssef = 2thks3,4+33 
by § 2.3 (4). 


Now consider the diagram: 


‘koe Pki3,a% . 
= 1k—1 4 K ell " 
> Tye g3lS ) > TWe—-1,4 7,37 
Pria.* Prei3.% 
iA - 


TT pes 3( S*+ *) 
where the horizontal sequence is associated with the fibring 
. “— , 
Virsa > Visas 


and the triangle is commutative since p;..31 Pris PR+3,1° Further, 
since 7,.3(S*-!) = 0, py.g3» is a monomorphism. Thus 





Pr+3,3%0 3ea+-ph, 
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where « = 1(mod 2), and » unknown. But 
Prise? = thysonssts 
by § 8.4(d) and 
Pri3144 = 0 


, 


Prsaix? = 


{hesoerat> Prsaix2b = 0, 
by § 7.31 (c). Hence we have by commutability that yu is odd, i.e. 
Prise ° = 3ea-b, where « 

Now consider the commutative diagram 


1 (mod 2). 
"k ‘koe 4 Pki33% 9 * = 
> T43(S*-!) ——> ah _14 ——— Th3 —— Te 2(S*)) > 
'kO* tk43,18 'k+3.le 
Y v Y 
77 ‘kaw 4 
> T.9(S4 1) — 


'kO* 
y 
Pitan 
> Tj, 


1,5 > 7 


A. 
cs Tp 9(S* 1) >, 
in which the horizontal sequences are associated with the fibrings 
Virsa) S** > Vig. and 45) S* 
changes the diagram into 


>O> Z. - 


a 


->Vj..44- Substitution for the groups 


Zoyt+Zy 
Thus 


> Ly > 
Y v Y v 
> 0+ 2,42, > Zyt+hyt+Z, > Ly. 
Pros ax” Protx ks3x © Ue +314 Pki3.ax ¥ 
tn. g.14(34 +b) 
3ay+b. 
Year > Nee ,k£ oes f ) 
Further, since by § 2.3(6) py .ggattyss.o} 
that 


= {t..55}, we have from § 9.6 
Preaax = Aat+-b+2e 
where » is to be determined, 


Now the next stage of the lower sequence is 


A 
* ‘he * 'k 
> Teg S*!) > aR 1,5 > Tha —> Tea (S*) > 
which becomes, with the results of §§ 9.2 (a) and 8.1 and 7.31 (4), 
= Zo —>> Z, —> Z,+-Z, —> Z, >, 
whence we have by exactness that A, 72, = 7;,..(S*~). 
To recapitulate, the position now is this: 


0> 2,42. 


Pkisan ' ; 
-o > Zo4+ Z4+-Z, —> Zag > 0 
generated by v,  w, a, b, cc,  {hy-apso}s 
where , 
Prsaax v = 3ea+b 
Pr+sax 


(« = 1 (mod 2)), 
= Aa+b+2c (A to be determined). 
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Hence the factor group 7} 4 P;..44% 71,5 is generated by a, b, c with the 
relations: 


D4 0. Ab 0. 83eatb 0, Aa+bh+2¢ 0, 


’ ’ 


Hence 4(3ea +b) = 0; 
whence 12a = 0. 
Further 2(3ea +b) = 0; 
whence 6a +- 2b 0. 
But 6(Aa+-b+-2c) = 0; 
whence 6\’a+-26+-12¢ = 0, 
where 


rN’ Lif A 1(mod2) and 2 0 if A = 0 (mod 2). 
But, if A’ 1, we have, since 6a+-2b = 0, that 12c = 0, ie. 
12a 12b 12c 0, 
and the factor group cannot possibly be cyclic of order 24. Hence 
’=0, andthus A= 0(mod2), 
i.e. A = Ze, 
Thus {ty .5.5+ = 6+2(ca+c). 


(a) When p 3, (D) gives 


p A tpg 
i a "ki4 Ae A+3* oh "ki4 
P Obs (4 ) ~ 7ka —— Te i3(4 ), 
ie. 3 > Z > Zyt+Zqt+Z, > m5 > 0 


by §& 8.1 and 7.31(c). But i,35, is generated by {t,,;;}, that is by 


b+2(ca+c) in the notation of the last paragraph. Hence 


sf, = But+Ze 


a 
generated by {i,.,¢hpp.3} amd {i,.4,PAgigpsg}. Note that, since 


Ay (0) = 0, py gy 18 trivial. 


(6) When p = 4, (D) gives 


Pkise ’ 'kiae Phite 
_Pk+se k+4) oe. —. —_ k+4) 5 
Te i5( ) > Tig > hs Trial )>, 
i.e > Zy—> Lqt+Zq4+Zq> mh, > 0, 
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by §§ 8.1 and 7.31 (d), and since p,.4, is trivial by (a). Also 
te axl) = be ss,50 eval S**), 
which is generated by 
NE. 5.¢ 40+ 2(oa+-c)| = hE. gp gb+2(0a +c) a{hy ig psa} 
hy. 3.h+40 
Wi 3.44 sixsaael nse ts aes ad, 
by Lemma 3.1(b). But 
Pressra Mes 3,44 0b = WE aes aPe ax) Nie 3n+athnsenss} 
haa kas: 
Thus we see, by looking at the results of §§ 8.1 and 7.31 (d), that i¢3,4,4(0) 
is a Z, subgroup of 7},, and that 
Ths Z,+2,, 
generated by {ip.o3PAgir psa} ANd {ty .4) PApignsg} Note that again 
Ay (0) = 0, whence p,..;, is trivial. 


(c) When p = 5, (D) gives 


Pkiee ves Ay , hase 5 Pkise Vie 
> 1 .6(S**4) —> ag ———> TEs > 745(S**4) >, 
i.e. > Z,-> 1,4+-2,> 75> 0 
by § 8.1 and § 7.31 (e), and since p,.,;, is trivial by (6). Further 
-—% Yk+3 
tee sel) = th is5%7ess(S"™), 


which is generated by 
* . » * » f 
hi 3,n+sl0+2(0a+c)] = hg ssn+56+2(d +) ethysan+s 
* 
Nes 3.4459 


* : ae * h 
Ni 3.5 te31% — ipso ie Ak s3.n+5O- 
But 
* —_—*: - + { ’ 
Pr 3.1% i -3,k+50 = hes sns 5Priaax? = he 3,k+ she sok +3 


l2fhpsonsst: 
Thus we see, by looking at the results of §§ 8.1 and 7.31 (e), that i7}54(0) 
is a Z, subgroup of 724, and that 
Ths Z», 


generated by {ix,.4) Phyigns5}- Note that again p,.,, is trivial. 


9.62. k = 4(mod 8) and, > 12. 
We have from § 9.1 that w$_,; = 7$14+2Z,, where the infinite 
summand is generated by p,{h;..5..3},and from § 8.4 (d) that 7f_14 = Z,. 
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I shall show in § 10.7 that 
’ — » j t 4 
{ty .5,6) = U+2Pathesscrst © Th-1,55 

where v generates the finite summand. Thus we can pick generators 
in m_15 as 

v, of order eight, as defined above by {t, ,; 4}; 

w, of infinite order, as p,{h,.3 %.3}- 
By §§ 8.1 and 7.31 (c), 724 = Zoa+2Z,+Z,. Pick generators 

a, of order twenty-four, as t,,, 34{2x 43}; 

b, of order four, as 7.3.42, Where z is as defined in 9.6; 

c, of infinite order, as p,{h,.3;+3}- 

Consider now the section of the sequence asscciated with the fibring 

Vie 45) S*-1 > V.gy, which is of the form 


> Ty .3(S*-!) > m_15 ——> tha >, 
i.e. >0> 2,42, > ZytZ,4+Z,> 
generated by a «& & & «& 
Thus we have, since v is of order eight, 
Preaax 0 = 3ea+pb, where « = 1(mod 2), 


and, since w is of infinite order, 
Pritax’ = aa+Bb+yce, where y # 0. 
But, by § 2.3 (d), 
Prvsantterses 
Prvaax(U +2w) 


(3e + 2a)a+ (+ 28)b+- 2ye. 


o 
o 


fess, 


But we have from § 9.6 that 


{tess} = Aa+6b-+ 2c. 
Hence 
A l(mod2), i.e. A 2o+-1, p+28 1(mod4),  y :. 
Thus {tesa} = (a+6)+2(ca+c). 


(a) When p = 3, (D) gives 


Pkite vie A. kis : Yk 
> 4 4( S* 4) > The — + Ths > Te 43(S* 4). 
i.e. > Zy > Zy4+-2,4+Z, > mH; > 9, 


by §§ 8.1 and 7.31(c). Also i¢}5,4(0) is generated by {t,,;,}: that is, in 
the notation of the last paragraph, by (a+6)+2(ca+c). Hence 


3 i 
TK5 Z; 4 id Z 4s; 














THE GROUPS 2,(Vam) 255 
generated by i, ,3 944, where 
Prsaix® = (Rysonrs} amd 2a = {igo Phe siers} 
and {ipsa Phx sse+a} +oltesrs Mee-st- 
Note that, since Ay (0) = 0, p,.4, is trivial. 


(b) When p = 4, (D) gives 





Piss * te sae Phiae y 
- Te 5(S*+4) —> he ———> mh s - —> Ty .4(S**4) >, 
i.e. + Z,>2Z,4+2,4+Z, > nh, > 9, 


by §§ 8.1 and 7.31 (d), and since p,.4, is trivial by (a). Also 
te an() = thse 7e+a(S***), 
which is generated by 
Res 3,n+a[(@+6)+2(0a+e)] = hh, a.n+4(@+6)+2(ca +e) {hy sna} 


= MWe edt hiss nse. 
But 
Ri 3.e+ 4% = Wey a psatacrsetlhnnss} = tesrsehtrseratlhanist = 0- 
Also, if b = i,.3145, we have that 
hk 3,k+ so = Nis 3.k +4 tk+3,1% b= tesae Ni + 3,k4 a, 
by Lemma 3.15, 
Prssrelhtssnsa® = Nhs seca Prssan® = Abs snsatheronss} 
= {hn sonsa- 
Thus we see, by looking at the results of §§ 8.1 and 7.31 (d), that iz 34,(0) 
is a Z, subgroup of 7}, and that 
Ths = Z,+Zz, 
generated by f{iz.o5PAgsr yg} ANd {ip . 4) PAy.g nig} Note that again 
A, '(0) = 0, whence p,.,;, is trivial. 


(c) When p = 5, (D) gives 


Pkiee Ay ‘kas Pkise 
> tpg S*+*) —> ah, ——> af g —— 545(5**) >, 
i.e. +> Z,> 2,42, > 7; > 9, 


by §§ 8.1 and 7.31 (e), and since p,.5, is trivial by (6). Also 
ix} se(0) = ty s5.5e7+5(S**%), 
which is generated by 
hk. 3.¢+5[(a+6)+2(ca+c)] = his 3.4+5(@+6)+2(0a+c)gfhyssnss} 
= NE aes 5st thks sns56 


__ p* 
—_ hi, 3,h+50 
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since WE 3k 5% = Mans ths sera = %, 
by (6). Further, if b = ¢,.5,,6, we have 


* * ° ZL ° * zh 
hi 3,4 50 hy 3.4+5 3.1% UK 3.1% Ay 3,k+59, 


~ i * z + f ’ 
31% Aes akes Ni 3,045 Pr 31% his ans e 2k +35 
») i 
12 thy on 45}: 
Thus we see, by looking at the results of §§ 8.1 and 7.31 (¢), that i¢354(0) 
isa Z, summand of 72.4, and that 
Th5 Z:; 
generated by {i,.4,PA,.3,.5}- Note that again p,,¢, is trivial. 
9.63. k t, 


We first consider the diagram 


i, a 
"4.3 


where the horizontal sequences are those associated with the fibrings 
1.5, > 8? and hy, 8’. By § 2.1 the diagram is commutative 
and j,,, an isomorphism. By § 8.1, 9.1 the i,,, are monomorphisms 
and the p,,, are onto. Hence, with the results of §§ 8.1 and 9.1, together 
with those of 8§ 7.31 (c) and 8.4(e), the diagram becomes 


5,4+-2. £.+-2.+2. 
a y ) 


e u 1 w theo} 


Zy,+Zy+Z 
b c d 


f 


the summands being generated by the elements displayed below them. 
These generators are chosen as follows. 


In § 10.7 it will be shown that {t, ,} € 7}, is of the form 
toot = {2p + tga P+ 2p athyz}, 


where @ generates an infinite summand of 74,. Thus we can choose 
generators as follows. In 7$, = Z,+-Z,, choose 
ai, of order four (any such); 


é, of infinite order, as defined above by {t, ¢}. 
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In 73, = 2,+Z,+Z,, choose 
u, of order four, as i, ,, %; 
v, of infinite order, as i, ,,0; 
w, of infinite order, as p,{h,,}+-pv. 
In a}3 = Z.+Z 4+ Z,, choose 
a, of infinite order, as i, ., p,{h--' (p is Hopf map); 
5,2% Px!tz,75 
b, of order twelve, as i; 54 Efhs¢}; 
é, of order four, as the z defined in § 9.6. 
In 73, Z4+2Zy.+Z,4+Z,, choose 


a, of infinite order, as ¢;,, 4; 

b, of order twelve, as i; ,4; 

c, of order four, as t,,,4 6; 

d, of infinite order, as p,{h,;}. 
Now consider the sequence associated with the fibring V,,/S* > V,3, 
which is of the form 


P7 3% Ay . 
> 13,4 > 7,3 —> 2,(S*) > 73,4 = 7.3 > 77,(S*) >. 


From the second paragraph of § 8.4(e) we have that p, 3, is an iso- 
morphism into. Further, since 73, = Z, by § 8.4(c), 73,3 = Z,+Z, by 


§ 7.31(b), and ,(S%) = Z,, it follows by exactness that A, is onto 


74(.S*). Now both 7$, and zj,, project onto 7,(S®), so that we have the 


diagram 
agr 4 Pr3% 3 Ay 3 0 
> 73,4 > 1,3 ——> 7,(S*) > 0, 


Pre. J Pras 
(S88) 
which is commutative. Now from § 7.31 (c) we have that 
Prix? = 9, Prrx€E FO, Prry_ 2 = 9. 

Thus, since, by § 8.4 (e), pz, %@ = 0 and since @ is of order four, 

Prax = 3eb+2é, where «= F1 and p=O0orl. 
Again, by § 7.31 (c), pz144@ = 0. Thus, since p,,,% 40 and 6 is of 
infinite order, 

Prax® = 0 +fb+(2y+1)é, where «a 4 0and y = Vor 1. 

Now change the basis of 73, to {a, b,,é,}, where 


b,=b42ué, = & = [2(y—Bu) +1] 6. 


1 
3695 .2.10 Ss 
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Then the position becomes 


r P7 , 
0} —> Z, | g hae Z. 
generated by “6 


a 
with Prat 3eb,, where e 


In 3% 8 vi + Bb, +-é where «a +O. 


Thus the factor group, 74.5 P73 744, is generated by 4, b,, €, with the 
relations 
1265, = 0, 4¢,=—0, 36,=0, od@+fb,+é, = 0. 


There are now two cases 
(a) £B 0 (mod 3), (b) B e,(mod 3), where e, rl, 


In the case (a) we see that the factor group becomes Z,+ Z,,. But the 
factor group is in fact Z,, = Z,+Z,. Hence 


x 2 


In case (b), we first change the basis to {@,5,,é,}, where 


b, €,4,+-4), 
and then to {d,6,,é,', where 
Co C) } 3b,. 


The factor group will then be generated by @, b,, é, with the relations 


12,=0, 4,=—0, &=0, a+b, =0. 


Thus in this case the factor group becomes Z,,,. But it is Z,,. So again 


Thus we have that 
Prax? 
Hence ; - 
loi P73 ! 
a- Bb +-(2y-+-1)e. 


Also, since pg yy }> Paix Pose \h,-|. Hence 


we v'a+p’b+y'e+d. 
But, by § 2.3 (4), 


Ps.axitoes 
Psaxl(2p+ Le+ 2p th; 7} 
Paax(U+2w). 

Thus {ty 5} = (2a +1)a+-(28’+8)b+[2(y’+-y)+ 


But we have from § 9.6 that 


ita sf Aa +pb+-e-+ 2d, 
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whence, by comparing coefficients, we see that 
A = 22’+1, 2(y'+y) = 0(mod 4), 
{ty 5} t+pbh+e+2(coa+d) (¢ =’), 
(a) When p = 3, (D) gives 
ade tr,( 88) ‘4 WT ame Ti, -> 7,(S%), 
i.e. +> 2,7 2,44 .4+4,4+-Z, > 75> 9, 
by §§ 8.1 and 7.31(c). But i3,1(0) is generated by {f,,}: that is, in the 
notation of the previous paragraph, by [(a+b+-¢)+-2(ca+-d)]. Thus 
Ths Zyxt 4ytZLo, 
generated by {i; 4 Eh}, 7.344, where pz144@ = {hg} and 2a = fig, phs 5}, 
and {i,, phz,}+oft;4 phz,}. Note that A, 1(0) = 0, whence pg, is trivial. 
(6) When p 4, (D) gives 


Ay Paes 
5 { 4 y 
> Ty( #: ——»> T44 => 745 emai a m,(S8) 7 . 


” » Log > Ley y+ Dig + Dg Ug > thy > 0, 


by §§ 8.1 and 7.31 (d), int since pg, is trivial by (a). Further 


Pox 


iga (0) = to sx ma(S*), 
which is generated by 
h? fj (a+-pb+c)+2(0a+d)| = hf ga+ph¥gb+hFc+ 2(ca+d) {hz ¢} 
hF ,a+h¥ ob+hF gc. 
But 


* is . ~ (p 
ht a = hi sis se Pathz7} — 5.3% Ps ht sthys} = U5 3 Pathzs}, 
’ 


3 gb = NF gts 34 Efhgg} = t5,9% EMG r{hs,5} is.3% E{hs 7}. 
Further hope = Aogiared = tre hFsé, 
Prawhis€ =NFsPrie & = hFsthes} = thes} 
Thus, using the results of §§ 8.1 and 7.31 (d), we see that i,1(0) 4 0, 
and, since it must be cyclic, that it is a Z, summand, and that 
m5 = 2,+-2,4+2,4+2,, 
generated by {tg, phzs}, {t63 Phs,s}> {t5,4 Ehs,}, and {i,, ph,,.}. Note that 
Ay '(0) = 0, whence p,, is trivial. 
(c) When p = 5, (D) gives 


Prox As ‘oe 5 Poe 
——> 79(S*) —> apg —> a}, —— 7,(58) >, 


> Z, > Z,+- Z,4+-Z,4+-2,4+-Z, > Tis —> 0, 
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by §§ 8.1 and 7.31 (e), and since pg, is trivial by (6). Further, 


igx (0) lo sx ty(S7), 


which is generated by 
d)| h* a+ uh? yb -h*¥ ge+2(ca4 d) tho} 


h® | (a pb t-¢)-+2(oa- 
he ga+hFgh+-hFge. 


But 


* x - ~ ’ ° - * f ) ° = § ’ 
hiya he 9t5,3% Path} t5.3% Px hF g{hs7} 15 3% Pathe}, 


h? gb hF gts 3% Eths6} 15.3% ENF sths 6} is 3% Elhg s}- 
Further h* ye Re etrieé t7 1447.96, 
Praxh?s é he 9 Prax HF g{he-} 12fheo}- 
of §§ 8.1 and 7.31(e), we see that 


Thus, by looking at the results 
Z, summand since it is cyclic, and 


igat (0) “0, whence it must be a 


o 31 


further that 5 s : . 

nm, = Z2,+2,+2,+2,, 
generated by fig, phs 9}, fig, Phzg}, {t5.4PAz9}, and {t,4€,,}. Note that 
again Ay'(0) = 0, whence pj, is trivial. 
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SQUARES CONTAINED IN PLANE 
CONVEX SETS 
By H. G. EGGLESTON (Cambridge) 


[Received 20 December 1957} 


THERE are a number of results known which assert that plane convex 
sets of given minimal width contain sets of certain type and size, and 
there are similar results for plane convex sets of given constant width 
|see, for example, (1), (2), (3), (4)]. I establish here two results when 
the contained set is a square: 

(a) the minimum width of a convex set that contains a given square is 
largest when the convex set is a regular triangle; 

(b) the width of a set of constant width that contains a given square is 
largest when the set of constant width is a Reuleaux triangle. 

If s denotes the side-length of the square and A the minimal width 
in (a) and the width in (6), then in (a) s > 2(2—v3)A and in (b) s > 2k, 
where k is the positive root of 

4k2-+ (14 2V3)kKA+A2—(4k-+ v3A)(A2—k2)t = 0. (1) 
Approximately & is 0-3237A. 

(a) I show first that, if X is an equilateral triangle and s is the 

side length of a square contained in X, then 

8 < 2(2—v3)A, 
where A is the minimal width of X, and this inequality is the best 
possible. By the Blaschke selection-theorem there is a largest square 
contained in X; denote one such by S. Because of the size of the angles 
at the vertices it is not possible for a vertex of S to coincide with a vertex 
of X. Since S is a largest square contained in X, there must be at 
least one vertex of S on each side of X, Thus either 
(i) one side of X contains two vertices of S, 
or (ii) there is exactly one vertex of S on each side of X and one vertex 
of S is interior to X. 

Now case (ii) cannot occur, for, if it did, let p be a point such that 
of the three feet of perpendiculars from p to the sides of X two at least 
coincide with vertices of S; since the angle made by these perpen- 
diculars at p is 120°, pe S and thus pe X. Consider a small rotation 
of S about p. If the sense of this rotation is correctly chosen, S is 
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transformed into an equal-sized square all of whose vertices are in- 
terior points of X. But this contradicts the fact that S is one of the 
largest squares contained in X. Thus (ii) cannot occur. But then direct 
calculation leads to the inequality stated above. 

Next let X be any closed bounded plane convex set of minimal 
width A. There exists a square S whose vertices belong to frX [see 
(5), (6)!. Let these vertices in order in the clockwise sense round fr_X 
be a, b, c, d and let r,, 7, 7,, tT, be support lines to X at a, b, c,d. Let 
the side-length of S be s. Our aim now is to show that 

8 > 2(2—v3)A, 
and to do this we shall keep S fixed and consider different sets in place 
of X. 

Let /,. /,. /., l, be four lines through a, b, c, d respectively which 

do not cut S. They are then support lines of a convex set 

W (Las lbs bes ta) W, 
which contains S. Denote the minimal width of W by A(W) and the 
class of all by uw. 

Since W contains a circle of radius 4A(W) and this circle contains a 
square S, oriented in the same manner as S and of side-length }v2 A(W), 
it follows that LV2A( W) <8. 
for otherwise at least one vertex of S would be an interior point of the 
convex cover of SUS, and hence of W. Thus the numbers A(W) are 
bounded above. Write 

A* = supA(W) (Wevw). 
By a suitable application of the Blaschke selection-theorem there exists 


a member W* of w such that 


4* = A(W*). 
By the argument above about the equilateral triangle we know that 
A* > 8/2(2—v3), (2) 


and thus no two of the lines bounding W* are parallel unless they also 
coincide, for otherwise we should have 
A* < v2s, 
and this contradicts inequality (2). Thus W* is either a triangle or a 
quadrilateral and in the latter case no two sides are parallel. 
Suppose in the first place that W* is a quadrilateral and that its 
vertices are W,, W2, Ws, Wy, Where the notation is such that a lies on 
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w,w,; 5 lies on w, wy; ¢ lies on w, wy; and d lies on w, w, (see Fig. 1). Since 
no two sides of W* are parallel, we may assume, with no real loss of 
generality, that w,w, meets w,w, in u; w,w, meets w,w, in v such that 
w, lies between w, and u; w, lies between w, and u; w, lies between w, 
and v; w, lies between w, and v. We assume that no side of W* contains 
more than one of the points a, 6, c, d, for, if this were not the case, we 
could omit one of the lines bounding W* to obtain an extremal triangle 


belonging to w. Such triangles are considered later. 








A width of a polygon can be equal to its minimal width only if it is 
between two support lines of which one at least meets the polygon in 
a side. Combining this with the intersections of sides given above we 
see that the only widths of W* that can possibly be equal to A(W*) 
are the lengths of the following perpendiculars: that from w, to w, wy; 
that from w, to w,w,; that from w, to w,w,; and that from w, to w, w,. 
Denote these lengths by A,(W*), A,(W*), A,(W*), A,(W*) respectively. 
We know that 

A(W*) > A(W*) = A* (¢ = 1, 2,3, 4) 
and that equality holds for at least one value of i. The next step is to 
show that equality holds for each i = 1, 2, 3, 4. 
If A,(W*) > A*, let w, be a point on the line through w, parallel to 


w, vw, such that ; , 
a ‘ kn > Ldew, > Ldew, 


and the perpendicular distance from w, to w,d is greater than A*. 
Suppose further that w; is sufficiently close to w, for the lines wyc, w,d 
to meet w,W,, w, Ww, in w, wy respectively such that w,w,w,w, is a 
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quadrilateral of the class w. Let the perpendicular distance from d to 
cw, be p and from d to cw; be p’. Then, if we denote the quadrilateral 
WW, Ww, wy by WT, we have 


A(W*)  wyw, ww,  A,(W) 


p w,d w,d p 
and, since p = desin (dew, < desin dew, = p’, 
, ave "* y . 
we have A,(WT) > A,(W*) > A*. 


Also A,(WT) > A,(W*) > A*. Finally, denote by v’ the point of inter- 
section of w,w), with ww). Replace wy, by w3, a point between ws and 
v’ on ww, and denote by w} the point of intersection of w5c and w, b. 
Then, if WY denotes the quadrilateral w,wj ww, we have, if w3 is 
sufficiently close to w%, 
AW) > A* (¢ = 1, 2,3, 4), 

and hence A(W}) > A*. But We w, and thus we have a contradiction 
to the definition of A*. Thus A,(W*) < A*, i.e. A,(W*) = A*. 

Next, if A,(W*) > A*, replace w, by w{ lying between w, and uw. 
Let wb meet w,c in w, and let WF be the quadrilateral w, wy wy wy. 
We suppose that w is close to w,; then Wf € w, and 

A,(W3) > A*, A,(W3) > A*. 
But also A,(W3$) = A,(W*), A,(W3) = A,(W*). 
Thus A(W%) > A(W*). Hence A(W}) = A*, and Wf is an extremal 
quadrilateral of the class w just in the same way that W* is. But then 
the argument above applied to W¥ leads to a contradiction as before. 
Thus the assumption is false and A,(W*) = A*. Similarly 
4(W*) = A(W*) = A*. 
Since A,(W*) = A,(W*) and A,(W*) = A,(W*), we have 

U's wy Ws, =. uy Us Ws, d Wy Ws Ws Ws Ws W;. 
Since A,(W*) = A,(W*), we have 4w,w,w, = 2wzw,w,. Thus in the 
triangles w,w,w, and w,w,w, we have 

We W, Wy = LWy Ws Wg, LW, WW, = LW 3 Wy U,, 
and the side w,w, is common; it follows that these triangles are 
congruent and the quadrilateral W* is symmetrical in the line w, wy. 
In these circumstances it is possible to construct a square a’b’c'd’ 
whose vertices belong to the sides of W* with a’ on w,w,, 6’ on w, Ws, 
c’ on W, Ws, d’ on w,w, such that a’b’ is parallel to w,w, and a’b’c'd’ is 
symmetric about w,w,. Denote the side-length of this square by 3’. 
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We show next that s’ <s. This is a consequence of the following 
lemma: 

Lemma. If 1, and 1, are two fixed lines intersecting in the point X, 
and if Y, and Y, are variable points on 1,, 1, respectively such that the 
distance Y,Y, is fixed, then the area of the triangle XY,Y, is a concave 
function of the angle ZY, Y,X for 

4(40—ZY, XY,) < 2Y,Y,X < 4(3e—Z ¥,XY,). 

Let O be the circumcentre of the triangle XY, ¥, and R its cireum- 
radius. As Y,,¥, vary, R, and therefore 2 OY, Y, also, are fixed. The 
area of the triangle is equal to 

4Y, Y,{R sin(2 Y, Y, X — 2 OY, Y,)+- Rsin 2 OY, ¥,} 
and is therefore a concave function of the angle ~Y, Y, X in the range 
given. 

It follows also from the above formula that the area of the triangle 
XY, Y, is a maximum when XY, = XYj. 

Now let aj, 6; be points on w,w,, w,w, respectively such that a,b; 
is parallel to w,w, and the length of the segment a,6, is s. Similarly 
construct three other segments of length s, say 6c}, c,d,, d,a,, where 
b,c}, d,a, are perpendicular to w,w, and c,d, is parallel to w,w,, 
b; b, lie on w, wy; cy, c, On w, wy; d,, dy on wy wy; a,,a, on w,w,. If s’ > 8, 
the segments a,b}, b,c\, c,d, d,a, divide W* into four triangles and 
an eight-sided figure Y. The area of the eight-sided figure Y is greater 
than that of the square a’b’c’d’ and this in turn is greater than the area 
of the square abed. By the lemma, observing that the three relevant 
angles are in the range of the lemma, we have 

2areaw,a,b, > areaw,ab-+-areaw,cd. 
By the remark after the lemma, 
area w,d,a, > areaw,da, 
area w, b,c, > area w, be. 
Adding these inequalities we get that 
area Y + area w, a,b; + area w,c,d,+area w, da, +-area w, b,c; 
> area abcd + area w, ab+area w, bce -+-area w, cd +area w,da. 
But this is impossible since each side of the inequality is equal to the 


- 


area of W*. Hence s’ < 
Direct calculation shows that 


8. 


A(W*) = s'(sin3a+cosa), where a = 2w, W,W. 
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Since 4 w,w,w, = 7—3a« < jn, we have « > }7; also, since w, w, meets 
W, Ww, in the manner prescribed, «a < }7. But as « increases from 47 to 
bor, A( W*) 8’ decreases. 

Hence A(W*) < 48'(2+ v3). 
Thus A* < }s(2+ v3), 


and this is the required inequality. 

Suppose in the second place that W* is a triangle with vertices 
Wy, Wy, Ws, Such that a lies on wy, w,,b0n w, w,, and both ¢ and d on wy wy. 
Symmetrize the triangle about the perpendicular bisector of cd. We 
obtain a new triangle WY with vertices w},w,,w; such that a lies on 
w,u,, 6 on w iw, and ¢ and d on w,w 3. Then, since the area of WT 
equals that of W* and the greatest side-length of WT is less than or 
equal to the greatest side-length of W*, we have 


A( WT) > A(W*). 


Now W? is an isosceles triangle with ww, = w,w 3. A simple calcula- 
tion shows that the minimal width of WT is less than or equal to that 
of an equilateral triangle WJ with vertices w{w3w3, where a lies on 
w,uw;. bon wi w), and ¢ and d on ww. Then we have 


3 ] 
$a(2+-V3) = A( WT) > A(W$) > A(W*) = A*, 
and the required inequality is proved. 

Since A(X) < A*, we have established the result (a). For (6) we show 
first that the largest square of side-length s contained in a Reuleaux 
triangle of width A is such that s = 2k, where k is given by (1). Let 
a, b, ¢ be the vertices of the Reuleaux triangle R and let w,, wy, wy, wv, 
be the vertices of a largest square S contained in R. The four vertices 
W), We, Ws, w, must all lie on the frontier of R, for otherwise, if w,, 
say, is an interior point of R and w, lies on ab, w, on be, then let p be 
the point of intersection of cw, and aw,. Give the square S a small 
rotation about p and each of its vertices will describe an are of a circle 
of radius less than A. Thus, whatever the sense of rotation, w, and w, 
will move into interior points of R and so will w, if the sense of rotation 
is chosen appropriately. This means that there is a square of the same 
size as S all of whose vertices are interior points of R. Since this is in 
contradiction to the fact that S is a largest square contained in R, we 
conclude that all the vertices of S belong to the frontier of R. 

Suppose that w, lies on ab, w, and w, on bc, and w, on ca. Let t be 
the mid-point of w,w,. Then R is symmetric about at, for at is per- 
pendicular to w,w, and therefore bisects w,w,, and this implies that 
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are ac is the reflection of arcab in at. Calculation then shows that S 
has the side-length stated. 

Next let X be a set of constant width A and S be a square whose 
vertices belong to the frontier of X. It will be shown that, if S has 
side-length s’, where s’ < 2k and k is given by (1), then X cannot be 
of constant width A. 

The following lemma is required: 

Lemma. Let A be a given positive number and x a variable number 
ee (VB—I)A < 2v2r <A. 

Let a, b be two points in the plane distant 2x apart and let m be the mid- 
point of the segment ab and f be a point on the perpendicular bisector of 
ab distant , (A*—2x*)—2x from m. Then 

(i) there is a point p on the side of ab opposite to f distant A from both 
fand a, 

(ii) < mfp decreases as x increases. 

(i) Let p be a point distant A from f and a on the same side of af 
as mm. 

The distance of f from a is less than A, and triangle afp is isosceles; 
hence - fap > 60°. But the distance , (A?—.2x?)— 2z is less than or equal 
to .3x and thus / fam < 60°. Hence p lies on the side of ab opposite 
to f. 

(ii) Calculation shows that as x increases af decreases in length. Thus 

fap increases. But / fam decreases and therefore <map increases. 


Now , 
Acos (map—x = Asin < mfp 


and thus, as x increases, / mfp decreases. 

In what follows every circle and every circular disk is of radius A. 
The circle with centre p is denoted by C,,. 

Denote the vertices of S by a, 6, c, d and let the circular disks 
bounded by C,, C,, C,, Cy intersect in a closed set K. Since X is of 
diameter A and contains a, b, c, d, we have X c K. Let the are of C, 
which forms part of fr K be denoted by a and define £, y, 5 with respect 
to C,, C., Cy respectively. Let a, 8 meet in h; 8, y in i; y, 5 in f; 8, « 
ing. Let C; meet a in g, and f in i,; C, meet 8 in h, and y in f,; C, meet 
y in i, and 4 in g,, and finally C,; meet 6 in f, and « in h, (see Fig. 2). 

Since X is a complete set, each are «, 8, y, 5 contains at least one 
point of X. On «a no point of X can be interior to the are g,h, for, if 
there were such a point qg, then the intersection L of all the circular 


disks that contain q, 6, d contains c as an interior point. But Lc X 
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and ¢ is a frontier point of X; thus no point of X lies interior to the 
are g,h,. Thus there must be a point of X either on the are hh, or on 
the are gg,. Similarly there must be another point of X on the are ff, 


(IP 


or on the are ity. 














h, Wk Zh, 


Fic. 2 


Suppose that there is a point of X on the are gg., say t. Let C,, and 
C, meet C, in p and / respectively on the same sides of fg, and ft as is d. 
By the lemma, since s’ < 2k, the are length of g,i, is greater than 47A, 
and thus p lies on this are. Also / lies between p and d and the are i, 7 
of 8 is exterior to C,. Hence no point of X lies on i, 7. 

Also C, meets y in a point of the are ff,, and the are i,7 is exterior 
to C,. Hence there is a point of X on ff,. But then an argument similar 
to the above with the are ff, in place of the arc gg, leads to the con- 
clusion that no point of X lies on the are hh,. But this is a contra- 
diction, for it implies that no point of X lies on 8. 

We are led to a similar contradiction if we assume that there is a 
point of X on the are hh, instead of on gg,. Thus our original assump- 
tion that s’ < 2k is false, and so s’ > 2k. 








Thus (4) is proved. 
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Remark. The results (a) and (6) may be rephrased to say that 


(a) any set of minimal width A contains a square of side-length s 
with s > 2(2—v3)A, 
(6) any set of constant width A contains a square of side-length 6 


~ 


with s > 2k, where k is the positive root of (1). 
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ON A GENERALIZATION OF BESSEL 
FUNCTIONS AND A RESULTING CLASS 
OF FOURIER KERNELS 
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1. THis note contains information about a class of symmetrical Fourier 
kernels given by A. P. Guinand in this Journal in 1949 [see (1)]. These 
kernels, @,(2) in the notation used here, are extensions of the Fourier 
cosine and sine kernels and are given in (1) in the form 

=)" -e exp{ —2«cos 77 Jeos(xrsin ache = (O < 
a 2k 2k" 2k 


where the A, are constants, the m, integers, and & is a positive integer.t 


Just as the sine and cosine functions satisfy a linear differential 


equation, of order 2, it is shown here that the kernels G,(x) satisfy a 


differential equation of order 2k, together with certain initial conditions 
at x 0 (see Theorem 1). 

That (2 7)'sinw is a Fourier kernel may be considered as a special 
case, i.e. 1 }, of the result that the Bessel function «'J,(x) is a Fourier 
kernel (the Hankel kernel) for y > —}. A generalization of the Guinand 
kernels G,(2) is given here which, in some aspects, is similar to this 
extension of the sine kernel to the Hankel kernel. The functions result- 
ing from this generalization have properties similar to the Bessel func- 
tions: in particular they satisfy linear differential equations of even 
order, but greater than two. These results are stated in Theorem 2. 

Some remarks are made at the end about the connexion between 
these results and expansions of functions in eigenfunction theory. 
A possible connexion with the separability of partial differential equa- 
tions is also raised. 

To avoid unnecessary repetition a knowledge of the paper (1) by 
CGuinand is assumed; also required are some results from the general 
theory of symmetrical Fourier kernels given by E. C. Titchmarsh in 
his book on Fourier Integrals |see (2) Chapter VIII}. 


+ One example of a Guinand kernel for k 2 is wm-te-* —cosx+sin2). 


Quart. J. Math. Oxford (2) 10 (1959), 270-9. 
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2. Let G(x) = G(x; Ny, Ng,...,M) (OSX < wD) 
denote the Guinand kernel [see (1)] of order k arising from the set of 
integers {n,,M»,...,,}, i.e. a set which satisfies the conditions 
0O<n, < 2k-1 (l<r<h), 


Nn, ~Nn,, Nn, ~ 2k—1—n, (l<r,s<k). (2.1) 


. 
Our results are contained in the following theorems: 
THEOREM I. (i) (x) is a solution of the differential equationt 
y®4(—Ikly = 0 (0< x <0), (2.2) 
(ii) for 0 < p < 2k—I, 
; =@ ¢ea=-an, (l <r < &), ‘ 
GP(x)],-0 | , . 2.3 
[Ge eo) 29 if p ~ n,. ) 
THEOREM 2. Let g,(x) (k > 1) be defined by 
7 \be irs ct 
5) heute 0,1,2,..,k—1) (QO< 2 < ow), (2.4) 


Ji(x) = ( 


and further define for real or complex v 
J, (x ne 
a) TOFD) 
then (i) if Y = xd, , (x), 
+ 2k(v+-}) y 
x 


1 
2k (se) | gi (atl —P*y— dt (rev > —4), (2.5) 
= a 


yew 2k-1) 4] kay 0 (2.6) 


’ 


(ii) at, (a) is a symmetrical Fourier kernel for the following values of 


vand k: eo. ee | (2.7) 
(2) k>1,v = O0and v = } only. (2.8) 


Note. We consider J, ,(2) only when rev > — 4 to secure convergence 
of (2.5); this restriction can be removed by the use of contour integrals 
but this is not considered in this note. [Compare G. N. Watson (3), 
chapter VI.] 

The function J, (2) is one possible generalization of the Bessel func- 
tion J,(x). In fact it is readily seen that, since [from (1)]| 


G(x; 0) = (=)#sinz, 


7 


+ y will denote the rth differential coefficient of y with respect to x including 
the case r = 1. 
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we have g,(x) = sinz,t and so J, ,(x) is identical with the Bessel func- 


tion J,(x) [see (3) 48]. Thus the information in (2.7) is a restatement 
of the Hankel theorem [see (2) § 8.18] but is inserted for completeness. 
The differential equation (2.6) reduces to a transformation of Bessel’s 
equation when / = 1. 
It is soon verified, from (2.5) and use of (2.3) with p = 0, that 
rtd, (2) = G(x; 0,1, 2,...,k—1) (k > 1); (2.9) 


in this sense the function x!/,,(2) is a generalization of the Guinand 
kernels. The information in (2.8), for v }, is thus a restatement of the 
result in (1); the interest arises in the isolated case vy = 0 when k > 1. 

A possible reason for the restriction of the values of v in (2.8) to ensure 
that x/J, ,(x) (k > 1) is a symmetrical Fourier kernel is given in the last 


section. 


3. In this section I give the proof of Theorem 1. This follows from 
the explicit formula for G@,(x) given in [(1) 192], i.e. 
k 
(2\4 . ‘7 PO 7 
G(x “\?'S A,exp x COS cos]. sin +- N,—], 3.1 
ey = an 2k ae rage 
r=0 : 
in which the A, are constants and the m, integers. From this it is readily 
verified that, for 0 < p < 2k, 


k 
js) 1 “ ‘ 
GP)(x) t.9 (=)* - A, exp( __#cos eos sin SE 1 mr a , 
r=0 . ‘ 

and hence (3.2) 

nn tt. . 
[Gy(x) |,-0 = (- (=)? » A, cos|m, ad — oy, (3.3) 

nm) <> 2k 2k 


If %,(s) denotes the Mellin transform of G,(x), then from (2) and (3) 


of (1) we have ‘ 
Aj A8) (=}' '(s) - A, 08(m, 5p . =| (3.4) 
es r=0 = 
k 


ae Ge i M/e« al 7 hd 5 
= 2k(27) re) | [sine+m,) 55 (3.5) 


Comparing these expressions we see that 


k 
GPa) ],- -1)2k(2n)-H1] [sin(s+-n,) 2), 
[GP (x)],-9 = (—1)?2*(2n) Ems mE, 
and (2.3) of Theorem 1 now follows. 


t+ This is the reason for the notation used in (2.4); it seems to give the best 
extension of the established notation for Bessel functions [see (3) Chapter ITT]. 
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It is clear from (3.2) above that 
7 


» La 
Gi2®)(x) (=) > {— 1)"4, exp —2x cos 5)008(esin a +m, a) (3.6) 
r=0 a ~ 


so that (2.2) of Theorem 1 would follow from this if the following result 
were true: 

A, 
This does actually hold; for the A, are obtained by expanding 


0 when r is even and k is odd, or when ¢ is odd and k is even. 


7 | 
sin! (s+-n,) — 
| | sinje+m sy 
to give (3.4) from (3.5), and, when & is even, it is soon seen that only 
the A, with even coefficients appear and vice versa when k is odd. 
This completes the proof of Theorem 1. 


4. We come now to Theorem 2 and start by discussing the differential 
equation 
YO) 4 2h(v+g)a AVY (—1)FHY = 0 (k > 1). (2.6) 
It is not difficult to see that, if z is a complex variable, then every point 
of (2.6) is regular except for a regular singularity at x = 0 and an 
irregular singularity at infinity; this holds for k > 1. 
Let (2) be any solution of the generalized Fourier equation 


7#®™+(—1)kt4y = 0 (OS x < w) (4.1) 
with the added condition that 
[n**-(z)],<9 = 0. (4.2) 
Define Y¥(x) by : 
Y = | »(xt)i—t*y-* (rev > —4). (4.3) 
0 
Then Y is a solution of the equation (2.6). To see this we have 
1 
yek-) — | nf —D( art )t2*#-1( 1 — 02 )v-4 dt, 
) 
and integrating by parts we get, using (4.2), 
1 
yey __ = _ [ (28(xt)(1—12*)(1 12") dt, 
Sky) | 7 (xt)( ( ) 
0 


and from this and use of (4.1) it is clear that Y is a solution of (2.6). 
Since there are 2k—1 linearly independent solutions of (4.1) satisfying 

the condition (4.2), this leads to the formation of 2k—1 linearly inde- 

pendent solutions of (2.6). A final solution of (2.6) can be obtained 


3695 .2.10 T 
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but is complicated in the general case; compare the integral representa- 
tions of the Bessel function Y, in (3). In the case when k is even, say 
k = 2p, a final solution is 
x 
| e~*4(t2k—1)"-t dt (rev > —}; k = 2p). 
i 
When k = 1, the differential equation (2.6) is equivalent to the 
Bessel equation and can be transformed into the following canonical 
form by considering y = x”*!Y [see for example (4) 17]: 
y?)+-{1—(v?—})x-*ly = 0. (4.4) 
The canonical form of the general equation (2.6) can also be obtained 
by considering y = 2°*!Y; for example, if k = 2, we obtain 
yf —6(v—4)(v+- $)a-2y?) + 8(v— 4) (vt §) (vt Bar Sy — 
3(v—3)(v+43)(v+3)(v+$)aty—y = 0, (4.5) 
and a similar result can be obtained for general k. 
It is possible to show that the canonical form of (2.6) has the following 
self-adjoint properties [see (5) for self-adjoint equations]: 
(i) if k 1, it is self-adjoint for all real v, 
(ii) if k > 1, it is self-adjoint only for vy = —4, 0, 3. 
These should be compared with (2.7) and (2.8). 
The equation (2.6) is equivalent to the generalized Fourier equation 
(4.1) when v +4. 
The function -/, ,(x) seems to have properties similar to the Bessel 
function J,(x), i.e. recurrence relations and asymptotic expansions. 


5. To prove (i) of Theorem 2 it only remains to indicate that, from 
the results of Theorem 1, g}''(x), defined in (2.4), satisfies the equation 
(4.1) and the initial condition (4.2). Thus from the integral representa- 
tion (2.5) it follows that x-’J,,(x) is a solution of the differential 
equation (2.6). 

To prove (ii) of Theorem 2 we apply the Mellin transform test to 
«tJ, ,(x) to decide whether or not this function is a symmetrical Fourier 
kernel |for this test see (2) §§ 8.1 and 2]: that is, we calculate the Mellin 
transform of x!J, ,(x), say 4, ,(8), 

- 
Hj A8) = | eat, (x) dx (rev > —};k > 1) (5.1) 
0 
and then determine whether or not it satisfies the functional equation 


KH, (8) H, (l—s) = 1. (5.2) 
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vy 2k-l on 


We find, on making the calculation, that 


r 4k+1 eo. si) 
(2k)s-4 ar 2k k 2k 








3 me oe 


-1 
x AS , 
val) peti # , 2k—T ie sym 
4k ok Ok 4k ok «Ok Ok 
(5.3) 
and that the integral (5.1) is convergent fort 
k}—v—k < res < l. (5.4) 


The details of this calculation are left to the next section. 
We can now complete Theorem 2. When k = 1, we have 


40 (du+ rhe+t) 

'T (dy—48+9)’ 

which is the Mellin transform of the function 2*J,(x) [see (2) § 8.4]; it 

is clear that (5.2) is satisfied by this function, certainly when v > —}. 
When & > 1, it can be similarly verified from (5.3) that the functional 

equation (5.2) is satisfied when v = 0 and v = 4; in the latter case we 

return to the Guinand kernel G,. For other values of v, (5.2) is not 





¥,a(8) = 2° 


satisfied. 
This completes the discussion of Theorem 2. 


6. The calculation of %,,(s) is tedious, and I outline the steps re- 
quired omitting some of the details. We start formally by inverting 
the repeated integral for Siac i.e. 


C | x1 dx i x’ ttg\) (at)(1—t*)r-# dt, (6.1) 
0 0 


and using the results 

(i) if #(s) is the Mellin transform of f(x), then (1—s).#(s—1) is the 
transform of f(a) 

(ii) from (2.4) above and atta (2) of (1), the Mellin transform of 


g,(x) is n\h. -1 
(5)! 2*(27) re] [aime sm 5 


(iii) the Gauss multiplication theorem for ['(2kz), with 


- k-\(4e+4v—}), 


+ The form of (5.3) and the region of convergence (5.4) imply that the theorems 
of Chapter VIII of (2) are valid for the functions considered in this note. 
t In particular it is not satisfied when v -4(k > 1). 


+ 
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|see (6) 225] and the functional equation 





sinaz = nf T(z) C(1—z)}-. 
Use of these gives the result (5.3) above for %,,(s). To verify this 


the following lemma is required: 


LemMa.t There exist constants K,(v,k) (r = 1, 2,3) dependent only on 


v and k, such that for v > handk > 1, 
(i) ja, .(2)| < A,2’t*-§ (O< z<¢ 1), (6.2) 
(11) for | Pp: 2k, 
fat, (x) << Ky (OK 2x < ow), (6.3) 
X 
(iil) ' 2 J, (xv) da| < K, (0 <= X < @). (6.4) 


0 
The proof of (6.2) follows from considering 2~’J, ,(2) as a regular func- 
tion of x at the origin and using the initial conditions (2.3). 
I outline the proof of (6.3) for the special caset k = 1, p = 0, and 
} < » < 3§ and then indicate the extension for other values of k, 


p,v. It is clearly sufficient to prove the result for, say, x > 1. We have 
1 
ad, s(x) C’ | cosat(1—t*)’~! dt 
a 0 
and, writing 
1 1-8 1 
| cos at(1—t?)’-! dt } + | =4,41, (say), 
0 0 1-5 
where 6 x~!, we get 
1-5 } _ 
sin at . 2(v— : ‘! 
I, =i t?)v-4 1. ~ 3) [ tsinax( -t?)¥-! dt 
x 0 x d 
0 
and thus 
1-8 
I, < 2”-46¥-4x-14-2(v—4)2"-ta-t_ | (1—t)r-t dt = ete. 
0 
1 
. ov ; 
Also I, < 2¥-+ | (1—t)’-! dt = ———_.. 
; / (v-+})ar*4 
1-5 


+ These results show how closely the properties of J,,(x), with k > 2, follow 
those of J,(.r). 

t In the case k 1 the results follow at once from the asymptotic properties 
of the Bessel functions, but such expansions are not available for higher values 
of k. They could presumably be obtained by considering contour integrals. 

§ The results follow at once when v = 4. 
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From these inequalities (6.3) now follows, for this case, since 
~}<v<h 
We can extend the range of v on further integration by parts in the 
integral J,. The next integration extends the results up to v < 3. 

If k = 1 and p > 0, the only change is a positive power of ¢ in the 
integrand, and the same method suffices. 

When k > 1, the term coszt is replaced by a sum of similar terms 
some of which even have small exponential factors [see (3.1)]. The 
term (1—f?)’-* changes to 

(1—#*yr-t = (1—ty “tpt, 
where p(t) is a polynomial which does not vanish in [0,1]. The argu- 
ment now proceeds as above. 

The proof of (6.4) follows from (6.3) and the canonical form of the 
differential equation given in § 4. For example, if k = 1 and we write 
y = xJ, (x), then from (4.4) 
v2—} : 

y af?) 4 ——— 2) 

; x?—(v?—})* 

for, say, x > X, > v?—}}!. Integrating this over the interval [ Xo, X] 
and using (6.3) as required we now obtain (6.4). 

There is a similar proof of (6.4) in the general case k > 1, using the 
general canonical form of which (4.5) is an example (for k = 2). 

7. The validity of the steps used to calculate %,,(s) now follows 
from the lemma of the previous section. 

From the inequalities (6.2 and 6.3) it follows that the integral 


[ xe -txtJ, ,(a) dx (7.1) 
fi) 
is absolutely convergent for }—v—k < res < 0. The convergence can 
be extended (non-absolutely) to res < 1 by using (6.4) and the Dirichlet 
test for convergence of integrals. There is uniform convergence for any 
closed region inside the strip }—v—k < res < 1. 
The inversion of the integral (6.1) in the case k = | need not be con- 
sidered since the value of %,,(s) is known [see (3) § 13.24]. 
When k > 1, write the integral (6.1) in the form 


1 1 « 1 
| (..) de | (...) dt-+ | (...) dx | (...) dt. 
0 0 1 0 


The first of these repeated integrals is absolutely convergent for 
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}—v—k < res < | and so can be inverted, by the Fubini theorem, in 
this strip. 

The second repeated integral is certainly absolutely convergent for 
re(s-+-v—4) < —1 (since, by (3.2), gj})(xt) is uniformly bounded for all 
x and ¢) and so can be inverted for this range. 

The common region of inversion is the strip 

4}—v—k < res < —v—}, 
and the width of this is k—1, which is strictly positive since k > 1. 
In this strip the expression (5.3) for #,,(s) is valid and this can now 
be extended to the region 
J—yp—k < res < 1 


by analytical continuation. 


8. It is clear that to regard «J, ,(x) as a symmetrical Fourier kernel 
is a generalization of the Hankel theorem for the Bessel function x!J,(x) 
[see (2) § 8.18]. In his book on eigenfunction theory E. C. Titchmarsh 
has shown that the Hankel formula can also be obtained as an eigen- 
function expansion |see (4) § 4.11]. The same result seems to hold for 


the generalized function xtJ, ,(x) (k > 1; v 0, 4); I have shown that 
this is certainly the case when k = 2, but the details are not given here. 

It seems likely that this is the explanation of the fact that, when 
k 1, the values for which x!J, ,(2) is a symmetrical kernel are v 0 
and vy } since these are the only values which satisfy the condition 
rev } and for which the attendant differential equation is self- 
adjoint. The chance is remote of obtaining a symmetrical eigenfunction 


expansion when the differential equation is not self-adjoint. 
The value 1 —} also gives a self-adjoint equation, but, even under 
extended definition to this value, x!J, ,(x) is not a symmetrical kernel 


(see the footnote in § 5). On the other hand the differential equation 
does possess solutions which are symmetrical kernels when v 4, 
i.e. all the Guinand kernels since then the equation reduces to the 
generalized Fourier equation. 

The function x!/, ,(2) is not the only generalization of the Guinand 
kernel (,. In the case k = 2 other forms have again been discussed by 
A. P. Guinand in (7) [see in particular 447, 448]. This generalization 
depends on the Bessel functions J,, Y,, A,, and the resulting kernels 
again have interesting connexions with fourth-order differential equa- 
tions. 


As far as the author can determine, there are no other symmetrical 
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Fourier kernels associated with the differential equation (2.6). It seems 
more than likely that there are pairs of unsymmetrical kernels similar 
to the pair in [(2) 215 example (2)]. 

Finally the connexion between Bessel functions and the solution of 
Laplace's equation in polar-coordinate form is well known. One might 
ask if there is any connexion between the generalized function J, ,(x) 
and partial differential equations of order 2k. 

In the case k = 2 two equations which might be of interest are the 
biharmonic equations (in two or three variables) 


ad pa ad 
vig = Fo OF TF Lo (8.1) 
ext ex*oy*? © ey 
ad ad 
and the equation ao a ‘b = 0. (8.2) 
ext oy* 


It would be of interest to know in what coordinate-systems these 
two equations are separable; as they stand, (8.2) is separable, but (8.1) 
is not. Are there other coordinate-systems in which they are separable 
and, if so, does the differential equation (2.6) with * = 2, or a trans- 
formation of it, play any part? 
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A FUNCTION-THEORETIC SOLUTION OF 
CERTAIN INTEGRAL EQUATIONS (II) 
By A. E. HEINS (Ann Arbor) and R. C. MacCAMY (Pittsburgh) 
[Received 29 March 1958) 


1. Introduction 
In the first part of this paper (1) a method of solution was found for the 
integral equation 


| K( «—€))f(€) d& = g(x) (x > 0), (1.1) 
0 
with g given and f sought, when A(w) is an analytic function with an 
isolated, logarithmic singularity at w= 0. More precisely it was 


assumed that K(w) = P(w)logw+-Q(w), (1.2) 


where P and @ were entire functions of w*. The methods employed 
differed from the usual Wiener—Hopf theory in that the Fourier integral 
theorem was not used. Here and in what follows it is important to 
distinguish between what we call Fourier and Laplace transforms. By 
the Fourier transform of m(x) we mean the integral 

+ 


| e-’tm(x)dx (x real, w complex), 


provided that the integral has a meaning, while by the Laplace trans- 
form we mean, for an analytic function m(z), 


( e-*€m(z) dz 
oP 
along some path P for which the integral converges. 

The purpose of this second part is to indicate two ways in which the 
methods of (1) can be extended. The first concerns the equation 

fle) + [ K(x—2f(€) dé = glx) (x > 0), (1.3) 
0 

where K has the same form as in (1.2). For equations of the second 
kind it becomes necessary to study the Laplace transforms of multiple- 
valued functions. We illustrate (1.3) with the special equation 


f(x)+77 | Ay(kixr—E )f(E)d— = 0 (x >0;0<k <1), (1.4) 


0 


Quart. J. Math. Oxford (2) 10 (1959) 280-93. 
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where KA, is the singular Bessel function of second kind. The equation 
arises in the study of diffraction of water waves obliquely incident on 
a semi-infinite dock (2). The underlying boundary problem is the 
determination of a function satisfying the differential equation 
Upp tUy—k*u =O (y <0) 
together with the boundary conditions 
u,(z,0)=90 («# < 90), u,(x,0) = u(x,0) (x > 9). 

Further u(x, y) must possess for large positive x a certain ‘wave-like’ 
behaviour. The boundary problem was solved in (3) without recourse 
to the integral equation (1.4), and physical details can be found there. 

Equation (1.3) and the equations considered in (1) can be solved for 
certain cases by the methods of Wiener and Hopf. We turn next to 
a type which cannot be so solved. Since our method does not use 
Fourier-integral concepts, the solution procedure is freed of the use of 
the convolution theorem and thus becomes applicable to sum kernels. 
The analogue of (1.1), that is 


[ Ker+fe) dé = gx) (we > 0), 


where A has the form (1.2), presents some new complications in that 
a solution does not always exist, and it is our intention to discuss these 
questions at some future time. The analogue of (1.3) is 

f(x)+ | K(x+€)f(&) d& = g(x) (x > 0). (1.5) 

0 

With A again taken as in (1.2), we can treat (1.5) by our methods 
but again we need the use of the Laplace transform. To present 
its solution here would duplicate much of the work connected with (1.3) 
while at the same time confusing the problems peculiar to sum kernels. 
Accordingly we have chosen to present equation (1.5) with a kernel of 
the form K(w) = w P(w)+Q(w), (1.6) 
P and Q again being entire functions. This situation illustrates clearly 
the differences in method between difference kernels and sum kernels 
without extraneous complications. To simplify further the calculations 
we deal with the homogeneous equation (1.5) and more particularly 
with the equation discussed in (4), namely 


® 
- 


fx) = [ (@+étexp{—@+E) fd (>), (1.7) 


0 
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which was treated in (4) by an iteration process. The simplest equation 
of the form we consider, that is 


fx) = | (w+€y-ce) ag, 


was solved in (5), and our procedure for (1.7) is an extension of that 
of (5). 

The methods we employ, like those of (5), belong to function theory 
and are variations of the work of Carleman (6) and (7). The essence 
of the method is the translation of the integral equation into a relation 
describing the nature of the singularities of an analytic function of a 
complex variable. This relation, together with information about the 
growth properties for large values of the variable, permits the explicit 
determination of this analytic function and, from this, the determination 
of the solution of the integral equation. In this connexion we remark 
that one of the principal difficulties arising in equations (1.4) and (1.7) 
as well as in those of (1) is that we must admit the possibility of 
exponential growth. 

Although we consider only homogeneous integral equations in this 
paper, it will become apparent what modifications would be required 
to treat non-homogeneous equations. A careful reading will reveal the 
appropriate procedure for equation (1.5) with a logarithmic kernel of 
the form (1.2). 


2. Difference kernels 


In this section we consider the equation (1.4), 
f(x)+a | Kyj(kia—Ci)f()df=0 (x > 0). (2.1) 
6 
Here A,(w) is the singular Bessel function of second kind: that is 
K,(w) = —I,(w)logw+Q(w), (2.2) 
where J,(w) and Q(w) are entire functions of w?, and log w is that branch 
which is real for argw = 0. 
Suppose f(x) a solution of (2.1). Then, for z + 0, —27 < argz < 0, 


define an analytic function of z = «+iy by the integral 
F(z) = [ Ko{k(—2)}f(0) dl. (2.3) 
0 
F(z) is continuous in 0 < |z|, —2m7 < argz < 0 when defined in terms 


of its limit values on arg z —27 and 0. However, these last are not 
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equal, for, by (2.2), 
x = 
F(z) = | Kolk\S—2|}f(Q) dl—mi | fh(S—z)} flat (2.4) 
0 0 
on argz = 0, while 
F(z) = [ Kofk\S—2)}f(0) dE+ami [ Iofk(L—2)} (0) de (2.5) 
0 0 
on argz = —2z. We show now that (2.4) and (2.5) permit the analytic 
continuation of F(z), as a multiple-valued function, to a Riemann 
surface with the origin as logarithmic branch point. On this surface 
let z* and z~ denote the image points of z: that is 
z+ = zexp(27?), z- = zexp(—2z?). 


Then from (2.1), (2.4), and (2.5) we can write, for argz = 0, 


F(z-)— F(z) = 2m | Ifk(L—2) f(0) af. (2.6) 
Thus, on argz = 0, ” : 
F(2)—F(z-)+i [ {kL FO+ RO} al = 0. (2.7) 
0 


We can use (2.7) to continue F(z) to the whole of the logarithmic 
Riemann surface since, for F(z) in —47 < argz < —2z, (2.7) is a non- 
homogeneous Volterra equation for F(z) in terms of values of F in 
—27 <argz <0. Thus F(z) becomes defined on the entire surface 
with (2.7) holding everywhere.t 

It is clear that for the solution of the integro-difference equation (2.7) 
for F(z) it is sufficient to solve (2.1) since f(x) can be determined by 
solving the Volterra equation (2.6). We shall solve (2.7) by taking 
Laplace transforms. The transform of J,(kw) is (s?—k*)-+; hence, if we 
let A(s) and A*(s) denote the Laplace transforms of F(z) and F(z~) 
respectively, we obtain, by applying the convolution theorem to (2.7), 

st—k*y+i 
a BI F(s). (2.8) 

It is convenient at this stage to study the asymptotic behaviour of 
F(z) for large z. We have, 


F* (8) - 


K,(w) ~ Aw-texp(—w) (\w| +0; —7 <argw<-+7), (2.9) 


+ It is to be noted that in the limiting case k = 0, which corresponds to direct 
incidence of the waves on the dock, the integro-difference equation (2.7) goes 
over into the difference-differential equation formulated in (8) by different 
methods. 
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so that, if exp(—ké) f(&) is integrable, we have, formally, from (2.3) that 
F(z) ~ Bz-texp(kz) (\|z| > 0; —2a” < argz < 0). (2.10) 
Hence, if we introduce G(z) = exp(—kz) F(z), 
G(z) +0 (2! 00; —27 < argz < 0). 
i 


On multiplying (2.7) by exp(—z) we obtain, then, 


G(z)— G(z-) +i exp(—kz) i I,{k(C—z) 4 F(Q)+F(C-)} dg = 0. (2.11) 
0 

We wish to take the Laplace transform of (2.11), and some pre- 
liminary remarks are in order. Let g(s) denote the Laplace transform 
of G(z). Assuming, for the present, that G(z) remains bounded we can 

write . 
g(s) = ( exp(—2zs)G(z)dz (argz = 0). (2.12) 

0 
The function defined by (2.8) is analytic in —}7 < args < }x. Further, 
since G(z) is analytic on the logarithmic Riemann surface, we can con- 
tinue g(s) to the same surface by shifting the path of integration. In 
particular, to continue g(s) into args > 47, we shift the path into 


arg: < 0 keeping always argzs = 0: that is, we write 
g(s) | exp(—zs)G(z) dz (argz arg 8), 
Ps 
where P, is the ray argz = —args. Since G(z) has only z = 0 as a 


singularity, this process of rotating the path may be continued in- 
definitely in both directions. From our construction we have 
g(s+) = [ exp(—zs)@(z-) dz, (2.13) 
P, 
where s* has the same meaning as z+. Thus the Laplace transform of 
G(z-) is g(s*). 

We return now to (2.11). Since multiplication by e-* reflects in 
translation by + in the transform plane, application of the convolu- 
tion theorem to (2.11) vields 

g(s)—g(s*)+i(s?4+ 2ks) UF (s+k)+F *(s+k)} = 0, 
i.e., by (2.8), 
- + 2ke)* + '\F(s+k) = 0. 
(s?+ 2ks)'—iJ 
But A(s+k) = g(s), since G(z) = exp(—kz) F(z), and thus we obtain 


' +) ile? + Qkee)-31 1 2 EAA og) — 
g(s)—g(st)+i(s?+ 2ks) a (92. Dks)) 54 909) = 0, 


g(s)—g(s*)+i(s?+-2ks) " 4 
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2.) Dheyt ; 
eect) (2.14) 
Upon taking the logarithms of (2.14) we see that the general solution 
of this equation is of the form 

g(8) = go(s)expf{h(s)}, (2.15) 
where g,(s) is any single-valued function, and A(s) satisfies 
{(s?+-2ks)* +7) 
\(s?-+-2ks)!—if” 

One sees from (2.14) that, if g(s) is analytic on one sheet of the 
Riemann surface, it will have poles on the next sheet. Now F(z) and 
hence also G(z) are free of singularities for z # 0 in —27 < argz < 0. 
Moreover G(z) +0 as z © in this sector of the Riemann surface. 
From our construction it follows that g(s) is without singularities in 
the corresponding region of the s-plane: that is, s # 0, 0 < args < 27. 
Further the boundedness of the solution of (2.1) at 2 = 0 implies the 
continuity of F(z) and thus also of G(z) as |z| > 0. But then the Abel 
theorem for Laplace transforms implies g(s) > 0 as |s| — 0. 

The requirements thus placed on the functions A(s) and g,(s) are 
the following: h(s) should satisfy (2.16), have no singularities in 
0 < args < 27, and remain bounded as |s| © in this sector. On 
the other hand, g,(s) can have singularities only at s = 0, where, being 
single-valued, it can have only poles. Further, g9(s) must vanish as 
s|-» 0. The requirements for h(s) are satisfied by choosing 


i.e. g(s*) = 


h(s*)—h(s) = log (2.16) 


‘ r | (t2?+-2tk)i+i 7 

» 1 a. sini _ ny : ,y 
h(s) = (277i) | : 8 a 2k)i , dt (2.17) 
0 


in 0 < args < 2m and continuing /(s) to successive sheets of the 


Riemann surface by (2.16) [ef. (1)]. As to g,(s) it must have the form 


Jo(8) = 2% s-*, 


Accordingly we shall consider the set of solutions g"(s) of (2.14) defined 


by g"(s) = s-™expfh(s)}. 

We shall verify in what follows that the special function g' is one 
satisfactory choice of go(s) and assuming this fact for the moment we 
wish to point out that it is the only one. Let G"(z) denote those func- 
tions which have as transforms g"(s) = s-"exp{h(s)}.. Assuming g1(s) 
satisfactory we see from (2.10) that 

F(z) = exp(—kz) F(z) ~ Az? (\z| > 0; —2a < argz <0). (2.18) 
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But we have 


| exp(—25), | G(s) ds) dz sg} | exp(—zs)G"(z) dz 
0 0 0 
s~ig"(s) = g"*1(s). 

Thus, for n > 2, the g"(s) correspond to iterated integrals of G(z) 
from 0 to z, and by (18) these become infinite as |z| -> 00. Thus @1(z) is 
the only function among the G" which can satisfy (2.18). We now 
proceed to verify that g'(s) = s-'exph(s) is a suitable choice. 

The solution f(z) of (2.1) can be expressed in terms of g' by means 
of equation (2.6). Multiplying (2.6) by exp(—z) yields 


2) f(E) dt = (2mi) 4G"2-)—G42)}. 


ws 


exp(—hkz) | Jo{h( 
6 

Hence, if we write L(s) for the Laplace transform of f(z), we obtain 
Lis+k ‘ 
AED = (2mi)g'(s+)—gX(a)}, 
y (8° T ks) 

i.e., from (2.14), 
(s?4-2ks)'ql(s (s?+-2ks)*g!(s+ 
Lie+-8) mm See we eet, (2.19) 
mi(s*+2ks)t—i}  amf{(s?-+ 2ks)*+1} 
Since L(s+) is the Laplace transform of exp(—z)f(z), we can recover 
f(z) by forming the inverse transform of (2.19). For this purpose we 
need to know the singularities of L(s+k). By (2.17) and (2.16) we see 
that h(s) and hence exp{h(s)} have no singularities in 0 < args < 27; 
s ~ 0. It follows that the only singularity of g'(s*) in —27 < args < 0 
is s = 0. From the second equality of (2.19) it follows that the only 

singularities of L(s+-k) in —2a7 < args < 0 occur at 
s= 0, 8 = 2kexp(—z71) 
and the points at which ,(s*+2ks)+7 vanishes. These latter points 
OCOUr at 8 exp( 26), 8» exp{i(@ 27)}, 
where cos 6 k. sin@ = ,(1—k*), 

at which L(s+-k) has poles of first order. Next we consider the region 
0 < args < 27, using the first equality of (2.19). By our previous re- 
marks the only singularity of g(s) is at s = 0. Hence, in 0 < args < 27, 
L(s+-k) has singularities only at s = 0, s = 2kexp7i and points where 

, (s?-++-2ks)—? vanishes. Clearly the latter are the points sy and s;. 
Collecting our information we say that L(s+) has singularities in 
the sector 7 <—args- < +7 of the Riemann surface at s = 0, 
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8s = —2ket7!, s,, and sj, the last two being poles. For argz = 0, we 
can accordingly form the inverse of (2.19), using the standard contour, 
c +i x“ 
exp(—kz) f(x) = = exp(zs)L(s+k)ds (ce > 0). 


Then the contour may be swung back onto the negative real axis if we 
take account of the poles at s, and sj. The contribution from the poles 


will be 
C{g'(s,)exp(s,z)—g"(s¢ Jexp(s¢z)}, where C = —i/m/(1—k*). 
Now for args = +7 we have 
ve = +1,/\8|, I/vs = F1/,/\8|, 
J(s+2k) = y\8+2k! (\8| < 2h), 
J(s+2k) = +4,/\8+2k| (|8| > 2h). 
Thus, since g'(s) = s-!exph(s) with expA(s) a solution of (2.14), 


iy |8+-2k exp h(s) 


4\e k — ‘ 
L(s+ ) m8 {— ix s?+-2ks —$} 
L(s++k) = — ty s+2k\exp h(st) 
7 ~~ ara/| figs? + 2k |— i} 
for s < 2k, while, for |s| > 2k, 


ms , 8+ 2kexph(s) 
L(s+k) = my \8|{ 1/8? + 2ks|—i}’ 

y 8+2k exph(s){—,\s?+2ks|\+i} 
tra/\8|{ — 4 |8?+- 2ks| —i}{ —,/|8? + 2ks —1} 


Li(s* + k) == 


Thus, after completing the deformation of the path we have 


exp(—kz) f(z) = C{g"(s,)exp(s, z)—g'(8y )exp(sg°z)}4 


wl [. Keb dexptoest Mad ds. (2.20) 


7 vs{, (8? 2ks)+-1}* 


Now we note that sf = «; and hence by (2.17) we see that h(sj ) = h(s, ). 
One sees then that the first two terms on right of (2.20) combine to 
yield one term of the form 


c’ exp(—kz)cos{,/(1—k*)(z+-a)}, 


where c’ and aare constants. Replacing s in the integral term of (2.20) by 
u—2k we then obtain the estimate 


f(z) = e' cos{,/(1—k*)(z+a)}4+ O(e-**) (\z| +00; argz = 0). (2.21) 
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Equation (2.21) has a physical meaning in terms of the wave problem 
mentioned in the introduction. The solution f(x) of (2.1) is the function 
u(x,y) on y = 0, x > 0. Equation (2.21) then states that the solution 
obtained by solving (2.1) has the character of a standing wave far 
away from the edge of the dock. To obtain a solution of the boundary 
problem with progressive wave character one must introduce a singu- 
larity at the edge [see (2) and (3)]. 

We wish to verify that the function, f(z), given by equation (2.20), is 
indeed a solution of (2.1). Observe first that, by its construction, f(z) 


satisfies the equation 


2riexp(—kz) | f(C)lotk(S—z)} dg = O(z-)—(2), (2.22) 
0 
(z) being the inverse transform of the function g!(s) defined by (2.15) 
with g,(s) = s-!. Now form the function F(z) defined by (2.3). Then 
(2.6) holds and hence by (2.22) the difference 
exp(— kz) F(z)—(z) 
is single-valued. If we can show this difference to be bounded at z = 0 
and to vanish as z -» «© in —2z < argz < 0, it follows that 
F(z) = exp(kz)®(z). 


But then, by (2.6) and (2.7), 


2riexp(—kz) | Ag(h(¢ a f(0)4 am | Kolk n—¢ fn) dr) d¢ 
0 0 
D(2-)—(z)+iexp(—kz) | Lfk(l—z)}exp(kl{@(C-) + O(2)} dé. 
: (2.23) 
On taking the Laplace transform of (2.23) we find the transform of the 
right-hand side to be 
, (8?+- 2ks)+7 1 


‘ (s?4 2ks) a i g (8), 


g*(8*)- 
and this expression vanishes by (2.14). Hence the right-hand member 
of (2.23) is zero and so is the left-hand member, which latter fact implies 
that f(z) is a solution of (2.1). 

To estimate exp(—kz)F(z) we proceed as in (1). The arguments of 
(1) show that 
F(z) ~ Az-texp(kz) (\z| +00; —2a < argz < 0). (2.24) 


It is clear that the estimate (2.21) for f(z) holds for —47 < argz < 37, 
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and hence the path of integration in (2.3) may be shifted into args = +e 
for a suitable small positive «. It follows that the estimate (2.4) holds 
for —27—e < argz < +e [ef. (1)]. As to®(z) we recall that g'(s) was 
constructed so as to be free of singularities in —}7 < args < 37,8 4 0. 
Further by (2.15) with g,(s) = s-! it follows that g'(s) > 0 as |s| 00 
in this same region. We can write accordingly 


i~2 
M(z) = (271)! | exp(zs)g"(s) ds, 
-—i@o 


the integral running along the imaginary axis. Now we can deform the 
path of integration in this last integral so that it consists of two rays 
running from the origin to ©expi#, and wexpié,. Here 6, and 0, 
can be chosen by the relations 6, = j7—argz and 6, = —}n7—argz. 
Then we have argz = +37 on the two rays. Moreover, if 
—2r < argz < 0, 

the deformations always keep s in the region —}m < args < 27 in 
which g(s) is analytic and vanishing for |s|—>0o. It follows by the 
tiemann—Lebesgue lemma that ®(z) vanishes as 


|z| > 00, —2n < argz < 0. 


3. Sum kernels 
We turn next to equation (1.5) of the introduction: that is 


fla) = f (@+€)exp{— (e+ Ef) a. (3.1) 


Our initial discussion parallels that of § 2. Define for —7 <argz < +7 
the function F(z) of z = x+iy by 


F(z) = [ @+8)texp{—@+2)}/6 dé. (3.2) 
0 

From the well-known Plemlj formula for the Cauchy integral we find, 
eae F(ze-™!)— F(ze*+*!) = 2miAf(2), (3.3) 
while, clearly, 

[ G+) exp{—+))/0 dé = Fe) (3.4) 

0 
again for argz = 0. We can accordingly rewrite (3.1) as 

F(ze-™')— F(ze+™') = 2miAF(z). (3.5) 


Equation (3.5) replaces (2.8) of § 2. We may again use this relation 
to continue F(z), as defined first by (3.2), onto a logarithmic Riemann 


$695 .2.10 Uv 
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surface. For, with F(z) in —a7 < argz < +7, (3.5) determines F(z) in 
—27 < argz < —m and am < argz < 27. Upon repeating this pro- 
cedure indefinitely, we obtain a function F(z) agreeing with the right- 
hand side of (3.2) on —a < argz < wm but analytic and satisfying (3.5) 
on the entire Riemann surface with the origin as logarithmic branch 
point. 

The relation (3.5) differs from those we have considered previously 
in that it connects functional values of F(z) at three points rather than 
two. We show now that (3.5) is in fact equivalent to two relations of 
the type previously considered. To this end introduce 

C = 2%, G(l) = F{z(C)}. 
G@(C) is then defined hy the integral (3.2) for —27 < arg( < +27. If 
we write again ¢* and ¢~ for image points of ¢ on the logarithmic 
Riemann surface, (3.5) becomes 
G(C)—2mAG(C+)—G(Cr*) = 9, (3.6) 
where, of course, €**+ denotes ({*)*. 

The equation (3.6) is a ‘second-order’ difference equation which we 

reduce to two ‘first-order’ equations of the type studied in (1). We seek 


constants x, 8, y such that, if 


y | 

g(l) = aG(l)+-G(C*), (3.7) 

then we have Bg(l)+yg(Cr) = 0. (3.8) 
This leads to Ba ly 1, and B+-ya 27Ai, i.e. 

B mid+-,/(1—m?A?) = ef, etfs, (3.9) 


Let g, and g, denote solutions of (3.8) corresponding to @, and 4, 
respectively. Then, by (3.7) and a = B-!, we have 


exp(—?6,)G(C)+G(C*) g,(C), exp(—710,)G(f) + G(C*) Jo(C), 


G(C) = {exp(—10,)—exp(—714,)}-4g,(C)—g2(Z)} 
= 4(1—m?A*) Hg, (0)—ga(C)}. (3.10) 
We turn our attention now to the solution of (3.8): that is, by (3.9), 
g,(¢)—exp| —76,]g,(C+) = 0 (r = 1,2). (3.11) 
Multiplying by (-"?7, (-®?7 respectively, and noting that 
({+)-%-/87 = (Lett) 0/9" — exp(—s0,){-%" (r = 1,2), 
we see that (3.11) becomes 


(ge(£)0-% 9} —{g,(Z)C-%2"}+ = O (r = 1,2): 
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that is, the functions 
FAL) = g(C)o-*2" (r= 1,2 (3.12) 

are single-valued. For convenience in writing we shall suppress the 
subscripts 1 and 2 on @, g, ‘VY, it being understood that @ indicates @, 
and @, and so forth. 

In order to determine the function ’(¢) we must fix its behaviour as 
¢ +o«and € +0. From (3.2) we see [ef. (1)] that 

F(z) = Cz“ exp(—z) (\z| > 0; —a < argz <n). 

Hence 


> 0; —27 < arg < 2m), 


ws 


G(l) ~ Cl-texp(—%)  ( 
and therefore 
G(l*) ~ —CE-rexp(l!)  (\f| +0; —2a7 < arg < 0). 
Since x = exp(—7@), equation (3.7) then yields the estimates 
g(l) ~ Cl-Mexp(f!—ié)—exp({!)}  (\f| +00; 29 < arg < 27). 
If we rewrite this estimate in the form 
9110) ~ C’C-Nexp(—lt— $10) —exp(— 4+ 316)} = C’C-t sin(il? — 416), 


we recognize the behaviour of g,(¢) for large {| as that of a Bessel 


function. In fact, the regular Bessel function J, ,,(z) has the asymptotic 


form Jy.4(2) ~ (2/72)! sin(z— }Am). (3.13) 


Ifin particular we set z = if‘ andA = @ 7, we obtain the same behaviour 
as that desired for g. 
The functions /,(z) = exp(— 4viz)J,(iz) satisfy 
h4(z) = A+ > a, 2", 
¢ n=0 
and hence the functions 
V(f) = CFF, (C4) 
are single-valued. Thus we see that the ratios ‘,, ‘Y, being defined by 
3.12), my my NEL ‘ 
re HD) = HOMO), (3.14) 
are single-valued functions which are bounded at infinity. The numera- 
tors are without poles, and hence these ratios are meromorphic func- 
tions with poles only at the zeros of ‘¥(2). 
Xeintroducing the subscripts we have by (3.10) and (3.14), 
F(Z) = G(z®) = 4(1—m®A®)-4f 2807 (22) (22) — 2H (2?) (2?) 
= bea?) HY, el 2) (2?) — Lh sayiel2)Vo(2*)}- 


We observe by (3.9) that 6, = —6,—7; hence }+6,/7 = —}—8,/z. 
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Also the integral equation (3.1) states that f(z) = AF(z) on argz = 0, 
and we obtain for our solution 

f(z) 4Az~4( 1 —a?A?)-4f 05 (2z) H(z) — 15(z) 42, (27)}, (3.15) 
where 6 § 4-6, /z. 

The meromorphic functions 4, and 4 remain as yet undetermined. 
The appropriate choice makes itself evident, however, when we attempt 
to verify that the function defined by (3.15) is really a solution of (3.1). 
We observe first by (3.13) that both the Bessel functions in (3.15) are 


O(e?/vz) as 2 > OO, argz 0. 
It follows that for any choice of ‘, and “3, bounded as z —> x, f(z) 
as defined by (3.15) is such that e-@f(z) = O(z-!) as z-» «2. Hence the 


integral (3.2) exists. Let F(z) be detined by (3.2) for any W, and 4). 
Then equations (3.3) and (3.4) held. 
Now /\(z) = exp(— }idAm)J\(iz) and hence, by a known formula | (9) 78}, 


I;'zexp(-+-iz)} exp(+i7d)15(z), 
I sizexp(+in)} = exp(+ind)l (2). (3.16) 


Entering (3.16) in (3.15) we find that 


f(ze™')—f (ze-*") fexp(10,)—exp(—10,)} f(z) on argz 0. 
But exp ié, is a solution of B—8 271A; hence we have, finally, 
f(ze™) —f (ze-**) 2miAf(z). (3.27) 


Comparing (3.17) and (3.3) we see that 
# (2) F(z)—f(z) A 
is single-valued. Since, as observed before, e-‘f(¢) = o({-*), it is easy 
to verify from (3.2) that 
eF(z)>0 (\2! +0; —m7 < argz <7). 
If we could conclude that ¢f(z) + 0 as |z > 2%, then e?¥(z) would be an 


entire function vanishing at © and hence would be zero, i.e. we should 


have F 0, i.e. ; cs 

f(z) = AF (z) 
which. for arg: 0, is equation (3.1). We can achieve the desired 
effect by choosing Y, = “i, for in this case we can use the formula 
[(9) 80] 


ky (2) {1,(z)—L_y(z)}. 


2 sin 7A‘ 
where A) is the Bessel function of second kind with imaginary argument, 
to write (3.15) as 

(1—A?2?)-4 


‘(z) wAz—* ——— 
j - 4sin Ar 


K5(z)‘¥4(2"). 
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The A;(z) vanish exponentially as |z| > 90: that is 
K3(z) = O(e-*/vz) as |z|} +20 (—27 < argz <7), 
and hence our verification is complete. The choice ‘Y, = ‘Y, implies that 
both are constants since the poles of ‘4, ‘fy are zeros of J,5(z) and the 


latter are distinct. Hence ‘Y, can have no poles and, being bounded 
as |z —» 0, it must be a constant. 


{The publication of this paper was supported by the Office of Ordnance 
tesearch, U.S. Army and Office of Scientific Research, U.S. Air Force.] 
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CLIFFORD GROUPS IN THE PLANE 


By A. F. HORADAM (Armidale, N.S.W.) 


Received 30 May 1958; in revised form 22 December 1958} 


IN a recent paper in this Journal (2), I used properties of Clifford 
matrices of order 9 to establish the existence in | 8] of a four-dimensional 
locus L, of order 45, invariant under the collineations of a group CT 
of order 51840 81, As an addendum to that paper it seems worth 
while to put on record, without proof, some of the results in [2] which 
arise from the corresponding properties of Clifford matrices of order 3. 

Clifford matrices W of order 3 are obtained from those used in my 
earlier paper by suppressing the second subscripts and superscripts. 
\ Clifford set is a set of 3 of these matrices (say W,, W3,W,) such that 

WW = WW, W, = &(WiyPrW 

(e <8; 7,8 1, 2,3; ¢ = 0,1,2; « a complex cube root of unity). 
The Clifford groups CG, CS, CT have orders 9, 24, 216 respectively, 
and CS is the factor group CT CG. As a symplectic group, CS can 
be generated by the index matrices 


D ! | of period 3, and Q | “| of period 6, 





with (QD)® — I, where the elements of the index matrices belong to 
(; F(3), the Galois field of integers to modulus 3. It is then found that 
('T is the Hessian group of projective self-collineations of the inflexions 
of the canonical plane cubic curve. Generators of C7’ may be taken as 


| ] ] l 

D diag(1, te”). Q - - ee ] 
y(—3) le 

€ € 


corresponding to D and Q. Further, Q? = J and Q? = 21. 
Each cubic curve of the pencil 
+4 y3+23—kryz = 0 
is self-transformed under the 9 involutory collineations J W (x, y,z being 
homogeneous coordinates in the plane and /¢ a parameter). The JW 
leave invariant the 9 inflexions and their harmonic polars. All the 
usual properties of the Jacobian configuration formed by these in- 
flexions can be obtained by means of the algebra outlined above. The 
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inflexions on the cubic and their harmonic polars, correspond to the 
solids (on L) and the [4]’s of the configuration previously considered, 
and the complete Jacobian configuration in [2] corresponds to that 
in [8]. 

As a subgroup of CT, CS consists of the elements of C7 which 
commute with one of the nine J W, so that from this point of view there 
are 9 subgroups C'S. Each of these leaves invariant an inflexion and 
its harmonic polar, and permutes the inflexion triangles in the manner 
of the alternating group. A typical subgroup CS is generated by 
WOW-' and WCW-!, where C = diag(1, «, «). Because of the 1-9 
correspondence between the index matrices of the symplectic group 
C'S and the matrices of CT (e.g. Q* corresponds to the set of nine JW), 
the symplectic group CS is isomorphic with each of the subgroups CS. 
Incidentally, as a subgroup of C7’, C'S is Dickson’s group SLH (2, 3) 


given in (1). 


REFERENCES 
1. L. E. Dickson, Linear groups with an exposition of the Galois field theory 


(Leipzig, 1901). 
2. A. F. Horadam, ‘On a locus in [8]’, Quart. J. of Math. (Oxford) (2) 8 (1957) 


241-59. 











DIAGONALS OF DOUBLY STOCHASTIC 
MATRICES 
By M. MARCUS and R. REE (Vancouver) 
[Received 17 June 1958] 
1. A REAL n-square matrix S = (8;,;) is called doubly stochastic if 
mn n 
$j > 0, > Sip > Shj ] (1.1) 
K~1 kT 
for alli and j. In 1926 van der Waerden ((4) 238) conjectured that the 
minimum value of the permanent of S as S varies over all doubly 
stochastic matrices is assumed uniquely for the matrix all of whose 
entries are | n. The permanent of S is defined by 
n 
pS) > I Sioli)> 
- 1 
where o varies over all n! permutations of the integers 1,...,n. To the 
best of our knowledge this conjecture remains unproved for n > 5 at 
the present time. As Dr. P. Erdés pointed out to us, the following two 
statements are consequences of van der Waerden’s conjecture: 


(a) there exists a permutation o such that 


n 
TT sic , I n", 


(b) there exists a permutation o such that 
n 


8; 
fa iti) 
1 


and 8,4, > 0 for? Resting n. 
Of course (b) is an immediate consequence of (4) upon application of 
the arithmetic-geometric inequality. We have been unable to prove 
(a); however, in what follows, we do prove a considerably strengthened 
version of (6) along with some corollaries. Also, we shall obtain uni- 
form lower bounds on the elements of some diagonals of a doubly 


stochastic matrix that are best-possible. 


2. A theorem of Birkhoff’s (1) states that the set of n-square doubly 
stochastic matrices is precisely the polyhedron Q, obtained by taking 
the convex hull of the set of n-square permutation matrices. Here by 
a permutation matrix we mean a matrix of the form (8;,,,)), where o is 
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a permutation and 6,; are Kronecker deltas, Thus any doubly stochastic 
matrix S can be expressed as 
m . m 


where F,,..., £, 


m 


are permutation matrices. Then 
. ™m 
j=1 
and, if f is any real-valued convex function on Q,, we have 


f(S'S) = f\ s 6, Pi) 8S) < ¥ 6; f(P) 8) < max f(P; 8). (2.1) 
j=1 l<jcm 


As a first result we have 


THEOREM |. Jf S is n-square doubly stochastic, R = S'S = (r;;), and 
if g(t,,...,t,) isa real-valued function defined for 0 < t; < 1(j = 1,...,n), 
and convex with respect to every variable t;, then there exists a permutation 


o such that 


Wiss an) S J(84.0(1)9+++s Sprain) (2.2 
and Sing > 90 (8 = 1...., 2). 2.3) 


Proof. By choosing f(S) = 9(8}),---,8,,) it is clear that (2.2) follows 
immediately from (2.1). Observe that 
m \ m 
PS = Pi($0,P) = 81+ SP; P, 
and hence the elements of the main diagonal of Pj S are all positive. 
This establishes (2.3). 
By letting g(t,,...,t,) = t{+...+t, we obtain from (2.2 
n n 
2 85 SD Sato» (2.4) 
ij=1 i=1 


which proves (6) since for every i we have 
n 
2 si, > 1/n. (2.5) 
J 


If we let g(t,,...,¢,,) = t,, then (2.2) and (2.5) yield the following inter- 
esting corollary: 

CoroLuary 1. Jf S is n-square doubly stochastic then there exists a 
permutation o such that 8,44) > 1/n and 8,4, > 0 for i = 2,...,n. 

P. Erdés also asked the following question: when can we remove the 
equality from (2.4)? For this we have only the following partial 


answer: 
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If Sis an n-square doubly stochastic matrix all of whose 


COROLLARY 2. 
n4J, where J is the matrix all of whose 


entries are positive, and if S 
entries are 1, then there exists a permutation a such that 


n 


hes iol’: 
t=1 


Proof. Let « be positive and sufficiently small and apply (2.4) to 


(l—ne)-1(S—eJ). Then we have 


Ww hence 


since S 4 n-'J implies ¥ s?; > 1. 
Applying (2.4) to (n—1)-'(J —S), we obtain 


CoROLLARY 3. /f S is n-square doubly stochastic, then there exists a 


permutation o such that 
n n 
- _1 ; 
> Sic: (n—1)(n— > 8%) <1. 
ij=1 
We may generalize the proposition (6) as follows (note that any 


doubly stochastic matrix has | as an eigenvalue): 


COROLLARY 4. Jf S is n-square doubly stochastic and has k eigenvalues 


of absolute value 1, then there exists a permutation ao such that 
(2.6) 


and 8.4; 0 fori The equality in (2.6) can be removed unless 


there exist permutation matrices P and Q such that 


k 
PS > ag nj a 
j=1 


where J, is an n,-square matrix each of whose entries is 1,and where S* 
j cee 


denotes direct sum of matrices. 


For the proof of Corollary 4 we need the following lemma: 


Lemma. /f S is n-square doubly stochastic and has k eigenvalues of 
absolute value 1, then S'S has | as an eigenvalue of multiplicity at least k. 
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Proof. Assume first that S is indecomposable (see (6) for a defini- 
tion). Then by a result of Wielandt’s (6) there exists a permutation 


matrix P such that 


0 <A, O 0 

0 Oo A, : 0 
7 = PSP ‘ 

Se @ @ « < «» die 

i  @ Dawes 0 


in which in general the A; are rectangular. But the doubly stochastic 
property of S implies immediately that each A; is square. Now choose 
a permutation matrix R such that 


k 
TR = 5* A,. 


rie 
Then TT’ = (TR)(TR)' = 3° 4 A’. 


Now each A; Aj is doubly stochastic and sae has | as an eigenvalue. 
Hence, by noting that SS’ = P(TT’)P’, the argument is completed 
for S indecomposable since SS’ and S’S have the same eigenvalues, 
Now, if S is decomposable, we can choose a permutation matrix @ 
such that I 
QSY = d*S,, 
j1 
where each S; is indecomposable, But 


(QSQ')(QSQ')’ =A 3s S5)Q', 
and we can use the above argument on ‘ea S; to complete the proof. 


Proof of Corollary 4. Since S’S is positive semi-definite, we have by 


the lemma 
k < tr(S’S) = => 


ts) 
Hence (2.4) proves the first part of Corollary 4. Now suppose that 

n 

k tr(S S) “= > Si 
Then, since S’S has at least k eigenvalues 1, we know that the remain- 
ing eigenvalues must be zero. Thus S’S and S have rank k. If we 
apply (5) Theorem 2 [(5) 586], (2.7) follows. 
We remark that, if we have only that 
n n 


sup > sign = > 83, 
e t=] 


ij=l 
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then S will not in general have the form (2.7). For example, let 


1 
\ 
+ | 
b 4 


3. The Frobenius—-Koénig theorem (4) can be used to obtain the 
following theorem: 
THEOREM 2. Let S be an n-square doubly stochastic matrix. Then 
(i) if nm = 2k, there exists a permutation o such that 
, : l 
Siofi) kik | 1) 


(il) ifn 2h +1, then there exists a permutation o such that 


(3.1) 


Soli) (3.3 
These lower bounds are best-possible in the sense that there exist doubly 
stochastic matrices in every dimension for which the inequality holds for 


i I n and equality holds for some ig (1 < ig < n). 


Proof. The proof is by contradiction. Suppose that there exists S 
of dimension » such that for every o there exists an i’ for which 
Sift) SB 
Here » is 1 k(/-+-1) or 1 (k+-1)* according as n is 2k or 2k+1. Now 
the Frobenius-Koénig result implies that S contains a submatrix of 
s rows and ¢ columns (s-+t n-+-1) such that every element of M is 
less than ». Without loss of generality we may assume that S has the 
form 
J 
so (¥ 3 
6 dD 
where MV, B, C, D are respectively matrices of orders s xt, sx (n—t), 
(n—s) xt, (n—s) X(n—t). 
Let m, b, c,d denote respectively the sums of the elements of M, B, 


C.D. Then 
m-+-6b s m+e 


Hence 


Also < stmaxs;; < sty. 
lsiss 
l<jat 
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Hence > oe 1/( max st). 
, Se+8 


st “n+1 


Now max st = k(k+1) or (k+1)* 
s+t=n+1 

according as n 2k or 2k+-1, and the proof of (3.1) and (3.2) is com- 

plete. The following matrices show that the result is best-possible: 

(n 2k-+-1) 

(k+-1)2 2. (k4+1)) 








The upper left-hand block is (4+ 1)-square. 
(n 2k) 
(Mk+D} . . fl(k+ 1) 
ky 
(k-+-1) 








(k | 1) 1 
The upper left-hand block is k x (k+-1). 


4. Remark on the theorem of Birkhoff’s used in § 2 

In (3) Dulmage and Halperin showed that the number m of permuta- 
tion matrices necessary to express a given n-square doubly stochastic 
matrix with positive coefficients is at most n?—n-+1. We remark that 
m < (n—1)?+-1. This is because the convex polyhedron Q,, formed by 
all n-square doubly stochastic matrices is, by (1.1), of dimension (n—1)?, 
and every point in a convex polyhedron of dimension (n—1)? is con- 
tained in the convex hull of m suitable vertices, where m < (n—1)?+-1. 
The number (n—1)?-+-1 is of course best-possible. 
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[Received 30 July 1958] 
1. Introduction 

1.1. The previous papers in this series (1), (4) have been concerned 
with the methods used by Eddington in his Fundamental theory (3). 
Since the title of the book is a misnomer, it may be as well to make a 
few remarks on its contents. The book contains no such finished theory 
but simply a number of arguments with broadly similar principles which 
purport to formulate and solve a number of physical problems. Amongst 
the principles formulated, or assumed, in the book are: 

(i) physical theories are to be regarded partly as a formulation of 
conditions determined by our experimental procedures rather than 
empirically determined; 

(ii) a theory may contain explicit reference to its own development 
in time: such references occur at various points in Eddington (2), (3). 
It turns out also that the results which Eddington found could not be 
found without some such assumption; 

(iii) in accordance with a generalization of Mach’s principle we must 
be very careful not to ignore the background in any physical problem; 

(iv) a legitimate union of relativity theory and quantum theory 
consists in solving problems to which both are reasonably good approxi- 
mations: such problems are difficult to find. 

With the use of these principles, and possibly others, Eddington was 
able to give arguments which resulted in the determination of numerical 
values for physical constants, at least to his own satisfaction. It is 
obvious from the four principles stated that such a theory as Edding- 
ton’s requires careful investigation. Moreover, the present situation in 
theoretical physics (the difficulties in quantum field theory and the 
interest which is shown in quantizing the gravitational field) suggests 
that such an investigation would be valuable. 


1.2. In (I) of the present series was set up the necessary algebraic 
framework for such an investigation, and the analysis was extended 
in (II), and applied to the particular problem of the fundamental 
mass-ratio formula 


m,/M, = ky/ky. (1.2.1) 


Quart. J. Math. Oxford (2), 10 (1959), 303-12. 
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The theory of (If), up to and including § 6, will be assumed in the 
present paper. 

In the concluding sections of § 6 certain special assumptions were 


made in order to deduce Eddington’s results, and it is now our opinion 


that these assumptions are unjustified. The assumptions—that of 
being separable (Definition 7.2), an integral (Definition 7.5), and 
especially of being Hamiltonian (Definition 7.7)—correspond to a very 


special restriction about scale change for which there is no physical 


justification, 

1.3. In the present paper we start from the point reached in (4) § 6 
and go on to investigate, without special assumptions, whether it is 
possible to derive the mass-ratio equation. We can then find the condi- 
tions under which such a proof can be carried through. These conditions 
are more general than those of (4) and different from those of Eddington. 


2. Eddington’s argument 

2.1. The unusual feature of Eddington’s results is the occurrence of 
numerical values in physical constants, and the most puzzling feature 
of his book to a beginner is the way in which pure numbers enter at all. 
It seem probable that all the pure numbers which enter, with the ex- 
ception of V, do so as multiplicity factors |[(3) Chapter 2]: that is to 
say, they occur as the numbers of dimensions in certain phase spaces 
which are related to measurable quantities, e.g. masses, by the funda 
mental formula (1.2.1) |(3) 16.5]. The approach of Paper II was to 
make such assumptions that-the preparatory ground was clear for the 
proof of this equation in the same way as by Eddington, but, as we 
have just noted, these assumptions lack physical content. The possi- 
bility of a further investigation of this field is largely due to the 
publication of Slater’s book (5). In (5) Slater collates a number of 
separate drafts of ‘Fundamental Theory’, and his coilation enables us 
to get much nearer to the tangled skein of Eddington’s thought than 
was possible before. 

2.2. In particular, we have in (5) a number of occurrences of proofs of 
the fundamental formula (1.2.1). For example, in draft B § 3.3 [(5) 111] 
there is a proof which is followed by the words “The simplest examples 
are the transformation of a neutron into a hydrogen atom and of a 
mesotron into an electron’. At first, this seems to emphasize the im- 
portance of Eddington’s result since he is clearly regarding it not merely 
as a result determining a correction factor when we give a different 
description of a physical system but as a prediction about certain decay 
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schemes. However, there is clearly something missing, since the decay 
schemes 
‘ n->H'tyv (= pt+e-+y), 

p>e+v+y, 
7> pty, 

all have as decay products at least two particles. If the fundamental 
formula is to apply to such a decay scheme, the energy carried away 
by the neutrino must be very small (a fact which was pointed out to 
the authors by Mr. H. Bondi). This fact prevents a direct experimental 
check on the formula (1.2.1), in spite of Eddington’s assertion [(3) 30] 
that the mass-ratio is that which would be determined by practical 
experiment. However, it may well be possible to find some indirect 
means of comparing the formula with experiment. What is really needed 
then is an extension of the fundamental formula to cases where there 
are at least two particles in the end-products. We have not yet found 
such an extension, but the present paper is a step towards it because 
it makes quite clear what assumptions are needed for the proof of 
Eddington’s original form. 

2.3. Eddington’s proof of his fundamental formula rests on two 
independent ideas. These are 

(i) the principles of the rigid field [(3) § 13] 
and 

(ii) the rule for separating energy into field and particle energies 

[(3) §§ 14, 15]. 

Earlier drafts make Eddington’s notion of a rigid field very clear. In 
draft B 24 IIT [(5) § 6.3] he explains Hartree’s self-consistent field thus, 


Starting with a prescribed field F, which we treat as rigid, we determine a set 
of eigenfunctions w, (r 1,2,...). Having decided which of these are to be 
occupied, or more generally having assigned’ occupation factors j, to each of the 
w,, we calculate the field F’ which would result from the distribution. We then 
vary the initial field F until by trial and error we find a ‘self-consistent field’ 
for the state of occupation, i.e. a field which satisfies F’ = F. By the stationary 
condition, small changes of occupation are admissible without altering F; but 
any considerable change in j, involves an entire recalculation of the self-consistent 
field. Thus the energies H, of the eigenfunctions are functions of the j,; and the 


total energy of the system, 
H° = j,H, (3.11) 
is a non-linear function of the j,. 

In (3) the rigid-field convention is finally formulated in the form that 
quantum mechanics specifies a fixed metrical field, with a frame of 
eigenstates, and this field must be stationary for small changes in 


3695 .2.10 x 
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occupation. It should be clear that this convention is intended by 
Eddington to be a description of the implicit assumptions of quantum 
theory, not an account of the explicit method of the theory. As such 
it is hard to give any example to illustrate the convention. But as it 
stands it is certainly a consistent method of procedure, and it seems in a 
general way to describe the practice of quantum mechanics fairly well. 

2.4. Now, however, Eddington applies this convention to his rule 
for separating field and particle energies [(3) § 14]. In this rule we 
consider a system whose total energy H is a general function of the 
occupation factors j,, jo,... corresponding to the (discrete) set of eigen- 
states Ws, of the system. 

Eddington considers two cases in (3) depending upon whether the 
system is described by discrete or continuous variables. The main 
interest centres on the continuous case since, as we shall show, a 
substitute for the rigid-field convention can be found, whereas in the 
discrete case no such substitute seems possible. The continuous case 
was also that considered in (4). For the sake of simplicity, however, 
we shall first discuss the discrete case. Under small changes of the 
occupation factors the corresponding change in the energy is given by 

37 = > and 
 ¢), 


and this leads us to define 


, = . 0H 
1D S eas 


a"), 


as the total particle energy of the system. Since this total particle 
energy is different from the original energy, we must compensate by 
inserting a field energy W = H—E. 
2.5. The rigid-field convention now states that the allotment must be 
made in such a way that, under small changes of the occupation factors, 
dW = H—5E = 0. 


Since the field is to be rigid, we have 


aw = > 5, = 0, 
Dr 
so that OW @j, = 0. In general W has an extremal value but it is also 
possible that W H—E is constant, so that 
. OF 
Gy 
and in all H = E%j,)+W, 


E= 


, 
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where £(j,) is homogeneous of order 1 in the j,, and W is constant. 
This resolution into field and particle energies is valid, but of no interest 
since the energy was already of the form required. 

2.6. It may make the result of this paragraph clearer to give a 
classical example. Let us consider matter of density p moving with 
velocity V in an external field of potential f(r), and also under its mutual 
attraction. The total energy has the form 


H = | {hpv?+-pf(r)} dr+-4 [[ plr)p(r’)o(\r—r'|) drdr’, 
where 4( r—r’) is the potential function for the mutual action. Then 


6H = i dp{4v?+-f(r)} dr+- ( i 5p(r)p(r’)d( r—r’) drdr’, 


so that 


E=H+4 i ; p(r)p(r’)d( r—r’ |) drdr’ 


= H—W. 


This gives a division of the total energy H into two parts. It is not 


profitable at this point to consider the physical significance of this 
division. If, however, we then apply the rigid-field convention to W, 
as Eddington requires, we have 


i [ dp(r)p(r’)d('r—r’|) drdr’ = 0, 
so that [ p(r)d( r—r’)dr = 0 


for all r’. Thus the field is only rigid when the total energy of the 
interaction vanishes, and the energy is then all counted as particle 
energy. This illustrates the result of § 2.5 exactly. 


3. The continuous case 

3.1, The continuous case. has already been treated in (4), but we 
alter some of the notation slightly for the purpose of comparison with 
(3). The state of the system is now described by a point of a phase 
space whose coordinates are X* (a = 1, 2,...) and instead of the occupa- 
tion factors for discrete states we have a probability density j, where 


j(X) dr = j(X) dX dX? ...dX* 


is the probability of finding the system in the volume dr at the point 
X*, It is a little hard to see what form is chosen by Eddington for the 
energy in this case. In (3) 27 he gives a footnote about Hamiltonian 
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differentiation referring to the Mathematical theory of relativity, where 


the actual equation quoted is 


; . . bY A : 
6 | Gs(—gq) dr | —— 6g.,v(—g) dr, 
. . OJ uy 


and this suggests that he is considering a total energy of the form 
H | fdr, (3.1.1) 


where I =Ibsd.wIerv~) 

lef. (4) Definition 7.5, where F is written for H, and later F, for E and 
F, for W)|. On the other hand, this form is not actually stated in (3), 
neither does it occur in an early draft [draft C 27 IIT; (5) 88]. For each 
of these cases the initial formula in the discrete case is not reproduced 
at all. However, in draft C the formula (21.1) is only true as it stands 
if 7 is assumed to be of the form (3.1.1) since otherwise the quantities 
H(X) which occur will be functionals of the probability distribution. 
It seems likely that Eddington had not clearly made up his mind 
whether he would consider the energy to be given in the form (3.1.1) 
or whether he intended to take the more general form in which the 
energy is a general functional of the probability distribution. 


3.2. Taking the general form H = H{j] for the energy, we find, for 


a small change in the probability distribution, 
[ 5H 
aj(X) 


5H 8j(X) dr, 


which leads us to define, in exactly the same way as for the discrete case, 


the total particle energy E by 


° of. 
E = X : 
| a(x 
The field energy will then be 
: ‘ P 5H 
W=-H-E=H —| el 
LJ] | il xy 


The discussion of the rigid-field convention is now a little more compli- 
cated, but it can be carried through in much the same way as in the 
discrete case, and it again leads to a similar result. We have for the 


variation of W = 
ow =| oF aX) dr, 
6)(X) 
5W 


so that = = Q, 
8j(X) 
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and therefore W either has an extremal value, or is a function of X 
only. In that case SH SE 
5j(X) eo 
dr, 
ay i 
which implies that E is a homogenous functional of order 1, i.e 
El Aj(X)] = AE j(X)]. 
This gives, for the functional H, the form 
H{j\| = B%j)|+ WX). 

3.3. Let us then set the rigid-field convention on one side and con- 
sider Eddington’s derivation of the fundamental formula without it. 
The essence of this derivation is the use of the scale-free nature of the 
system which enables us to perform the transformation 


X% > X’* = (1+e)X*. 


so that =| WX 


Under this transformation the probability distribution is changed in 
such a way that j'(X)dr’ = j(X)dr, 
(this is the definition of a scale-free system, (3) § 9). The first step is to 
calculate the variation in the distribution. We have 
JX’) = (XU —ke) 

(when e€ is small), so that 

J (X) = ke) j(X—eX), 
and hence bj(X) = —e(ky(X)+X%,), 
(with the summation convention). Accordingly the formula for the 
change of energy becomes 


a = [ aa 


5j (kj NX jy) dr 


= —keE—e | in = dr. 
, 
3.4. If we assume the special form (3.1.1) for H, with f = f()j) only, 
the result for 5H simplifies to 


5H = —keB~e | xx Fay, 
Then, in Eddington’s derivation, the last term becomes 


—e [ X°f.dr =e [ X*, fdr = keH, 
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so long as f vanishes suitably outside some region; we therefore derive 
Eddington’s result [(3) § 15] 

5H = ke(H— E). 


For the special form (3.1.1), then, the rigid-field convention is not 
required, but this special form corresponds to the energy being contri- 
buted independently from all the sets: that is to say, it corresponds in 
the discrete case to the very trivial form in which energy is simply 
riven gs 

given by the sum H => H,{(j,). 

For a general functional there is no immediate reduction of the extra 
term. It is at this point in (3) that the rigid-field convention is used, 
although in the way in which things are presented there it appears to 


be used in a slightly different manner. 
3.5. The condition on j, H that Eddington’s result should be valid 


is then ek) SH 


> ——— OF -kH. (3.5.1) 
1 5i(X) 
If H has the special form (3.1.1) with f a function of 7 only, which 
vanishes outside a certain region, this condition becomes an identity. 
More generally with f a function of j and j , we find the condition 


) f dr 0, 


J" Fr 
which is satisfied for all j if f is homogeneous of order zero in the j ,. 
We may regard (3.5.1) as a new ‘rigid-field convention’, but it is of 
course much more complicated, and lacking in physical interpretation. 

If we assume (3.5.1), we are able to give a valid proof of Eddington’s 
results [(3) (15.6)| but further problems arise: 

(i) It is hard to see any physical significance for the condition in the 
form (3.5.1). 

(ii) It is necessary to investigate the extent to which (3.5.1) is 
restriction on the coordinate-system and the extent to which it is 
restriction on the physical systems which we consider. 

3.6. We here discuss only (ii). Let us first consider a little more 
closely the nature of the coordinates X* in the phase space. These 
coordinates represent the various measurable properties of the system, 
e.g. energy, momentum, charge, and so on. Thus the geometry of space 
is of rather a special kind since we are not contemplating transforma- 
tions of the coordinate-system of the nature of rotations. The allowed 
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transformations in the space will be, in general, merely those of the 
form Xo, Xx = 4X»), (3.6.1) 
which correspond to replacing some physical quantity by a function of 
it. We mention this fact here because the appearance of many of the 
equations gives one the impression of a covariant theory, but there is 
no question of covariance here. 

If, now, we write @m = [ X% SH dr, 
J" 8y(X) 
and we make the transformation (3.6.1) we have 
dz = 4''¢"'$* ...6*" dr = II dr (say), 
where dashes denote differentiation with respect to the various argu- 
ments. Since jd7 = jdr, we have 
j=l 
and ; oj axe 
Ja = aya = aXe 
l 
~ $B c 
= oe 
= ged igep 
Now H = H by definition, so that 5H = 8H and hence 


5H 
om 85 di, 
- [5% 


snl Il) 


= (9/1) (unsummed) 


Ee 5H 


bj dr 


= 


but djdr = djdz, 
and so oH _ 5H 
. sj CO 


In the transformed coordinate-system, then, 
Pa o,; OH ,. 
o = | X IasX) dt 
p~” \ 6H 
a “X%) = dr 
aa {- (p%’) I+ so ialeryy 
Hence 
Ps )i 5H i al 
D Oo = 7 a X* x —— dt — — 
» J i 2 5X)“ > (o* pile an 
There is obviously a change of form unless 4°” = 0. Such a change of 


form means that, if (3.5.1) is not satisfied in the original coordinate- 
system, it will not be satisfied in the new one either. Confining our 
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attention, then, to the case ¢*” = 0 we have 


$%(X*) = X%+A2, 


without loss of generality, where the A® are constants. In that case 
5H 
Sw) & 
8j(X) 


Ir. (3.6.2) 


sb = O-0 = VN A*] 5 
— * 
x 
We now show that (3.6.2) is in fact zero. For consider the effect of an 
infinitesimal change of origin, 
* Xo {| ¢@ 
on the expression for H. We have 
: I 
56H ; djdr 0, 
| 
where = — as 
8j(X) = 7(X)—j(X), 
j(X%*+e%) = 7(X%). 
Since j(X*) = j(X*)—e%j,, 
: . OH 
we have 5H Jaa 6 
s § 
Comparing this with (3.6.2) we see that 6® = 0 also. It follows that 
the restriction ®+kH = 0 is a restriction on the physical systems 


Ir 0. 


considered, not merely on the coordinate-system. 


4. Conclusion 

4.1. We have shown that Eddington’s use of the rigid-field conven- 
tion combined with the separation of field and particle energies does 
not provide a proof of his fundamental mass-ratio equation. 

We can carry through his derivation if we replace the rigid-field 
convention by the restriction ®+kH = 0, which we have shown to be 
a restriction on the systems considered. The physical interpretation of 


this restriction is, however, far from clear. 
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1. ConsrpER the differential equation 


ay ‘A—g(x)}b = 0, (1.1) 


da? 
where 0 < x < », with boundary condition 
(0) cos a+'(0) sina = 0, (1.2) 


where « is some fixed real number. Suppose further that q(x) is con- 
tinuous and tends steadily to infinity as «> 0. Then the eigenvalue 
problem defined by (1.1) and (1.2) has a discrete spectrum, with eigen- 
values Ag, A,,... and eigenfunctions x(x), Y,(2),.... 

For A > ming(x), define X as the root of the equation q(x) = 
If g(x) is a suitably ‘smooth’ function, and sina = 0, each of the large 
eigenvalues is a root of an equation of the form 

x 
( {A—q(x)}'dx = (n+ })7+-0(1), (1.3) 
0 
where n runs through positive integers. If sina ~ 0, each of the large 
eigenvalues is a root of an equation of the form 
x 
| \A—q(x)}' da = (n+ })r+0(1). (1.4) 
0 

There are several proofs of this in the literature, the latest being in 
(1), where also the other proofs are surveyed. The proof as given in (1) 
is in two parts. The first establishes (1.3) and (1.4), but leaves in doubt 
the relation between the integer n which appears on the right-hand 
side and the suffix m of the eigenvalue A,, which is the root of the 
equation. The second part of the proof shows that m = n. It involves 
an argument with Green’s functions, but this is more complicated than 
is necessary for the problem and arose from a premature use of the 
asymptotic formula for the Bessel functions. It is the aim of this paper 
to give a simpler proof of the same result, depending on a more detailed 


Quart. J. Math. Oxford (2), 10 (1959), 313-20. 
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comparison between the distribution of the zeros of the eigenfunctions, 
and that of the zeros of the Bessel functions to which they approximate. 

In § 2 we prove a lemma on Bessel functions which will prove useful 
in what follows. 

In § 3 we consider the formula (1.3), i.e. the case in which the boundary 
condition is u(0) = 0. In § 4 we consider the formula (1.4). In § 5 we 
consider the corresponding problem with interval (—%, 2), g(a) tending 
to infinity as «> 0 and as x + —o. The formula in this case is 

x 
| {A—q(x)}'dx = (n+ })r+0(1), (1.5) 

XxX" 
where X’ and X are the roots of the equation q(x) A. Again we show 
that the eigenvalue concerned is A = Q,,. 


In § 6 we consider the same problem for the equation 


d us | 


]?-+-1) 
dr= ~ | pe 


A qr) | 


~=0 (0O<r< ow), 


where / is a positive integer. This is well known as the radial equation 
in a three-dimensional problem with spherical symmetry. It was proved 
in (2) that, for any fixed /, each eigenvalue is a root of an equation of 


the form R 
( ‘A—q(r)}tdr = (4l-+-n+4-})7+0 (1), (1.7) 
0 
where F is the root of g(r) = A. Again we show that it is A, which 
satisfies this equation. 
The assumptions on q(x) or q(r) will be: 
(a) g(x) is three times continuously differentiable; 
(b) q(x) > © as x > oo (and as 2 > —o in § 5); 
(c) g(x) and q'(x) are non-decreasing in (0,0) (in § 5, q(x) is non- 
increasing and q’(x) non-decreasing in (— 0, 0)); 
(d) as x oo (and as x —oo in § 5), q'(x)/q(x), q"(x)/q'(x) and 
q’ (x)/q"(x) are all O(1/z). 


2. Consider the functions 
u(x) = xt J,(x), v(x) = xf J,(x)+J_,(x)}. 
In the range x > 0, each has simple zeros only [Watson (3) § 15.21]. 


As x > ®, , 


u(x) ~ (=) cos(e— in) (2.1) 


7 
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6\4 . 6\4 . 
v(z) ~ JPeos(x }7), v' (24) ~ — (2) sin hi). (2.2) 
7 7 


It follows that, when n is a large positive integer, u(x) has a zero in the 
neighbourhood of x = (n—j\)z, and v(x) has a zero in the neighbour- 
hood of « = (n—})z. This does not determine the number of zeros of 
u(x) or v(x) in any particular interval 0 < x < &; but it was proved 
by Watson |[(3) 497] that, if m is large enough and vy > —1, J,(x) has 
exactly » zeros in the interval 0 << x < (n+ 4v+}4)z; thus u(x) has 
exactly m zeros in the interval 0 < x < (n+-)z. 

We shall now prove the lemma: 

Lemma. [fn isa sufficiently large integer, v(x) has exactly n zeros in 
the interval 0 < x < (n—44)x. 

It follows from (2.1) that the last of the n zeros of u(a) in 

O< 2 < (n+ h)7 

occurs approximately at (n—j,)7. But the positive zeros of any two 
cylinder functions of the same order interlace [Watson (3) 481]. Also 
the last zero of v(x) in the given range occurs approximately at (n—})z. 
Hence, if we can show that the first positive zero of v(x) is less than 
that of u(a), the lemma will be proved. 

It follows from Watson (3) § 3.12 (2) that 

u(ax)e'(x)—u'(x)jo(x) = - “. (2.3) 

Now suppose that the first positive zero of u(x) is at x = a, and that 
the first positive zero of v(x) is greater than a. Both u(x) and v(x) are 
positive when 2 is small and positive, and hence u’(a) < 0 and v(a) > 0. 
Hence also u(a)v'(a)—u'(a)v(a) > 0, 
which is inconsistent with (2.3). The lemma therefore follows. 

Since the zeros of v(x) occur approximately at (n—})m, (n+ })z...., 
we can actually replace the number —, of the lemma by any fixed 
number between —} and }. 


3. We now turn our attention to proving that A = A, in (1.3). We 
first observe that, if a solution (x) of (1.1) is an eigenfunction, it has 
no zeros for x > X; for in this range (x) is convex downwards where 
it is positive; just to the right of a zero there would be a point where 
y(x) > 0, b'(x) > 0 (or both negative) and so s(x) would tend to infinity. 


xX 
Let z= | {A—q(t)}} dt. (3.1) 
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Then as x increases from 0 to X, z decreases steadily from the value 
Z = | {A—q(t)}! dt (3.2) 


. 


0 


to 0, ; 
It follows from Langer’s method, as developed in (1), that, for any 


real A, there is an L* solution u(x) of (1.1) such that 

s(x) \A—q(x)}-'y(2), (3.3) 
where n(2) v(z)+-w(x) (3.4) 
and w(x)! < AA-*X-! (3.5) 
(A denotes various positive constants) uniformly over 0 - 


Furthermore n(x) ‘\—q(a)}4v'(z)-+- w(x) 


and w'(x)| < AA*X-MA—q(a)}!. 
If (2) is a constant multiple of an eigenfunction, then (0) 


n(0) = 0, and hence 
v(Z) -w(0) = O(A-1X-}). 
Hence, by (2.2), cos(Z—4m) = o(1). 
Hence there is an integer » such that 
Z (n+ })7+-0(1). 
Consider the ranges of z 


0<2z< (n—j)z, (n—})r9 <2 < Z. 


In the former, v(z) has exactly n zeros, by the lemma, if A, and so also 
n, are large enough. In the latter range, cos(z—}7) varies from 
sin(n-+ })7 to approximately sin(n+1)7. Hence v(z) has no zero in this 
range except one in the neighbourhood of z = Z. Thus v(z) has'exactly 
n zeros in the range 0 < z < Z, apart from one in the neighbourhood 
of z= Z. Let them be 2z,, 2,,..., z,, in increasing order. Let the 
corresponding values of x be x,, 2 ,..., in decreasing order. 
The function v(z) satisfies the differential equation 


d*y 5 
L220 i v 
dz* | . sa) 


and so v(z) is concave downwards where it is positive. Let 5 be a positive 
number less than any maximum value of v(z), and let —4 be greater 
than any minimum value. In view of (2.2), such a number can be 
chosen. Let the values of z for which v(z) 5 be 2, 2},..., with corre- 


, > 


sponding values 2, 2},... of a. Let the values of z for which v(z) = —6 
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be 2}, 2}... with corresponding values x}, x3,... of 2. Then v(z) > 6 in 
the intervals (2, 24), (25, 23),--.; o(2) < —8 in the intervals (z}, 23),...; and 
the positive zeros 2,, 29,... lie in the intervals (2), 2}), (23, 22),.... It follows 
from (2.2) that \v’(z)| has a positive lower bound in those of the intervals 
(2), 2’) with 2, sufficiently large; and then, since v’(z) is continuous and 


t 


not zero in any (z;.2;), that v(z) also has a positive lower bound in the 
remaining intervals (z,,z/). Thus there is a positive number B such 
that »'(z)) > B in all intervals (z’, 2%). 

We can choose A so large that the right-hand side of (3.5) is less than 
5. Then »(x) is positive in the intervals (x;,x2;_,) and negative in the 
intervals (2’,27_,), and so has a zero in each interval (2/, 2’) or (2;, 2%). 
Further, if A is chosen so large that the right-hand side of (3.7) is less 
than BiA—q(x)}, |y'(x)| > 0 in each of these intervals, and so (x) has 
just one zero in each interval (2/, 2). 

As regards the ends of the interval (0, X), consider first small values 
of x, ie. values of z near to Z. Suppose that in the range (0, Z) the 
greatest of the numbers 2}, z; is zy, so that v(z'y) = 6 and | u(z)| < 6 
for 2. <2 < Z. It follows from (3.6) as before that |y’(x)| > 0 for 
0 <x <a'y corresponding to zy <z< Z. Hence »(x) has at most 
one zero in this interval, and so also s(x) has at most one zero; it is 
actually the zero at x = 0. 

A similar argument shows that »(x) has at most one zero in the 
interval (a), X), and this is in fact the zero at x = X. Hence y(x) has 
no zero in the interval (2), X). 

To sum up, therefore, the number of zeros of (2), excluding that 
at x = 0, is the number denoted above by n. However, if %(x) is a 
constant multiple of the eigenfunction y¥,,(x), then it has m zeros apart 
from that at z = 0, and so m = n. In view of (3.8), this gives the 


required result for the formula (1.3). 


4. We now turn to the formula (1.4) arising from the more general 
boundary condition (1.2), where now sina ~ 0. In terms of v(z) and 
w(x) this is 

{A—q(0)}-*{v(Z) + w(0) }eos a+[HA—G(0)}4g'(0){o(Z) +-w(0)} + 

+{A—q(0)}-4{ —{A—q(0)}4v'(Z) +-w'(0)} sina =F 0. (4.1) 
For large A, the dominant coefficient in this expression is that of v’(Z), 
and so the condition becomes v'(Z) = 0(1). Hence, by (2.2), 
sin(Z—}) = o(1), 
so that Z = (n+})r+0(1) 
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for some integer n. Hence, by the lemma of § 2 and the remark follow- 


ing it, v(z) has exactly n zeros in the interval 0 < z < Z, the last of 


these zeros occurring approximately at z = Z—j}7. If we take A to be 
an eigenvalue A,,, then the comparison of the number of zeros of v(z) 
and u(x) goes through as in § 3, except that, with the changed boundary- 
condition, there is no longer a zero of v(z) in the neighbourhood of 
Z, or of d(x) at x 0. Hence (x) also has n zeros in the range 
(0, X). It follows that m = n, and we obtain the result stated with 
regard to (1.4). 
Note that, in the case of the general boundary condition (1.2), (11.1) 
of (1) should have an additional term O(A;') on the right-hand side. 


This arises from (4.1) above. 


5. The interval (— x, x) 
In this case g(x) satisfies conditions similar to those assumed above 
both as 2 — 0 and as x +» —o. Define z and Z as before, and let 


r 0 
| {A—q(t)}! dt, Z' = | {A—q(t)}? dt. 
Y’ xX 


Then as in (1), as A > «© through eigenvalues, 
cos(Z+Z’) o(1). 

Hence there is an integer n such that 

Z+Z’ (n+-$)7+-0(1). 
Let p be the integer such that 

Z—a < (p+ 
and let x = 2 correspond to z = (p+ })z. Then v(z) has p zeros in the 
interval 0 < z < (p+ 4), and so ¢(x) has p zeros in 2 < x < X, if 
A is large enough. Now 
Xx 
| Ja—ao} dt = Z,+2Z,, 

ro 

say, and Z, = (p+ 4). Hence 

Zy = (n—p+})r+0(1). 


Hence v(z’) has n—p zeros in the interval 0 < z’ < Z), and so (x) has 
n—p zeros in the interval X'’<2x<a2,. Altogether, if ¢(x) is a 
constant multiple of %,,(7), then m =n. The required result for the 
formula (1.5) therefore follows from (5.1). 
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6. We now apply similar analysis to the equation (1.6), in which / 
is supposed fixed. It was shown in (2) that (1.7) is equivalent to 


2(a)-+-avaA = (41-+-n-+-})7+0(1), (6.1) 


’ 2+1)\4 
where 2(r) = | f ~q(t) a | at 
Here a is a constant, defined in (2) as the value of ¢ for which 

git) (EADIE 
is a minimum, and T' is the zero of the integrand which is greater than 
a. It is convenient to consider this form of the result here. Thus it is 
our object to prove that the eigenvalue for which (6.1) is true is in 
fact A,,. As in previous cases, this is done by comparing the zeros of 
true and approximate solutions of (1.6). Now, however, in order to 
cover the relevant range of values of r it is necessary to consider different 
approximations in different sections of the range. The analysis of (2) 
shows that there is an L? solution x(r) of (1.6) such that 


u(r) — Crit, (r vA)- O(rt 3\uet) (O<rs A 4), (6.2) 
X(r) = Crit.s(r vA)+ O(A-*) (AAt<r<b), (6.3) 
Xr) = A—q(r)—(P+-D/r*}-' g(r) (br < T), (6.4) 


where »(r) = v(z)+w(r), and 
u(r) < AA*T! 
uniformly for b <r < T. 

In (6.2), C is a normalization constant. In (6.3), 6 is any positive 
constant. These are only trivially different from the results stated in 
(2). There are corresponding formulae for '(r) obtained by formal 
differentiation with respect to r. 

Let p be the integer such that 

avA—n < (p+ hl+4)r < ava, 
and let ry = (p+4l4+-4)xA-'. Then it follows from the theorem of 
Watson's already used that, in the range 0 <r < ro, J,,(r vA) has 
exactly p zeros. By an argument similar to those used above, this is 


also true of ¢(r). 
It can be verified that (6.1) remains true if we replace a by ry; thus 


2(%o) = (n—p+})r+0 (1). 


Consequently, by the lemma of § 2, v(z) has exactly n—p zeros in the 
interval 0 < z < 2(ry), and so, as before, %(r) has exactly n—p zeros 
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forr >r,. Hence &(r) has » zeros, excluding that at r = 0. If #(r) is 
constant multiple of a the eigenfunction y,,(r), it follows that m = n. 


REFERENCES 
1, E. C. Titchmarsh, ‘On the asymptotic distribution of eigenvalues’, Quart. J. 
of Math. (Oxford) (2) 5 (1954) 228-40. 
2. ‘On the eigenvalues in problems with spherical symmetry’, Proc. Roy. 
Soc. A, 245 (1958) 147-55. 
3. G. N. Watson, Theory of Bessel functions (Cambridge, 1922). 

















KULTURA Export i Import BUDAPEST 


WORKS FROM HUNGARY 


Publishing House of the Hungarian Academy of Sciences 


Just published: 


Alfred Haar: COLLECTED WORKS 

Edited by B. SSOKEFALVY-NAGY. 

In German and Hungarian. 

Budapest. 1959. 664 pages. Size: 21x29cm. Full cloth. 
A. Haar (1885-1933) is known as a mathematician whose works have 
achieved a general recognition all over the world, and influenced the latest 


development of mathematics. This applics to his works on orthogona' 
function series and variation theory, and especially to his latest work on con- 


tinuous groups as well. 





Available again: 
Rozsa Péter: REKURSIVE FUNKTIONEN 


Second revised edition. In German. 
Budapest, 1957. 278 pages. Size: 17-5x 25cm. Full cloth. 


The book conveys so to say the function theory of the number theory. The 
author endeavours to show also the practical application of recursive 
functions which makes the work interesting not only to mathematicians 
but also to natural scientists. A table appended to the bvok shows the 
commonest primitive recursive functions and relations. 





Fr. Riesz—B. Székefalvy-Nagy : LECONS D’ANALYSE 
FONCTIONNELLE 
Prolongements des transformations de l’espace de Hilbert qui sortent de 
cet espace. 
Third edition. In French. 
Budapest, 1956. 488 pages, 36 illustr. Size: 17-5 25cm. Full cloth, 


The lectures on real functions, integral equations, Hilbert-space, &c. 
delivered by the two authors at the Universities of Szeged and of Budapest 
forrn the basis of this work first published in French. Both parts of this 
work are inspired by the universal concept of linear functional operations. 


For France and the French Union joint edition with: Gauthier-Villars, 
Paris. 























320 ON THE ASYMPTOTIC DISTRIBUTION 





forr >r,. Hence u(r) has n zeros, excluding that at r = 0. If y(r) is 
constant multiple of a the eigenfunction y,,(r), it follows that m n. 


m 


REFERENCES 
1. Ek. C. Titchmarsh, ‘On the asymptotic distribution of eigenvalues’, Quart. J. 
of Math. (Oxford) (2) 5 (1954) 228-40. 


i) 


On the eigenvalues in problems with spherical symmetry’, Proc. Roy. 
Sot a 245 (1958) 147-55 


3. GG. N. Watson. Thee ry of Bessel functions (Cambridge, 1922). 














KULTURA Export a Import BUDAPEST 


WORKS FROM HUNGARY 


Publishing House of the Hungarian Academy of Sciences 


Just published: 


Alfred Haar: COLLECTED WORKS 

Edited by B. SZOKEFALVY-NAGY. 

In German and Hungarian. 

Budapest. 1959. 664 pages. Size: 21x29cm. Full cloth. 
A. Haar (1885-1933) is known as a mathematician whose works have 
achieved a general recognition all over the world, and influenced the latest 
development of mathematics. This applies to his works on orthogonal 
function series and variation theory, and especially to his latest work on con- 
tinuous groups as well. 





Available again: 
R6zsa Péter: REKURSIVE FUNKTIONEN 


Second revised edition. In German. 
Budapest, 1957. 278 pages. Site: 17-5x25cm. Full cloth. 


The book conveys so to say the function theory of the number theory. The 
author endeavours to show also the practical application of recursive 
functions which makes the work interesting not only to mathematicians 
but also to natural scientists. A table appended to the book shows the 
commonest primitive recursive functions and relations. 





Fr. Riesz—B. Székefalvy-Nagy : LECONS D’ANALYSE 


FONCTIONIWELLE 
Prolongements des transformations de l’espace de Hilbert qui sortent de 
cet espace. 
Third edition. In French. 
Budapest, 1956. 488 pages, 36 illustr. Size: 17-5x 25cm. Full cloth, 


The lectures on real functions, integral equations, Hilbert-space, &c. 
delivered by the two authors at the Universities of Szeged and of Budapest 
form the basis of this work first published in French. Both parts of this 
work are inspired by the universal concept of linear functional operations. 
For France and the French Union joint edition with: Gauthier-Villars, 
Paris. 


























ceoeeooocococcocoosecooecoecooeeeoocecoeocoosooesosCo= 00% 


An Introduction to Mathematics for 
Students of Economics 


J. PARRY LEWIS With diagrams 40s 


EDWARD NEVIN, M.A., PH.D. 18s 


Mathematical Economics 


R. G. D. ALLEN, C.B.E., M.A., D.SC., F.B.A. 63s 


Puzzle-Math 
: GEORGE GAMOW anv MARVIN STERN Illus. 8s 6d 
; 
> 


$ 
8 
$ 
3 
3 
: 
3 Textbook of Economic Analysis 
0 
0 
8 
8 
: 
tJ 
8 


MACMILLAN & CO LTD 


St. Martin's Street, W.C.2 
6606600600666 66666556 5656500555655055656060000590000000000 


ON SCIENCE 
MATHEMATICS & 


THE HUMANITIES 


IN ALL LANGUAGES 
* 


Catalogues available free 
books & learned journals bought 
* 


W. HEFFER & Sons, Ltd. 
Petty Cury . Cambridge 











